VELOCITY ANALYSIS
BY INSTANTANEOUS
CENTER METHOD

Instantaneous centers (Centros)

Whenever two bodies have plane relative motion, at a particular instant that motion will be
rotation about a center called instantaneous center or center of rotation or rotopole or
centro. The instantaneous center of amoving body goes on changing from one instant to another.
A centro can also be defined as a point common to two bodies having the same (zero) velocity in
each or a point in one body about which another body actually turns.

- Fig. 4.1
Consider a body P having plane motion relative to a reference body Q as shown in fig. 4.1
The velocities ¥, and ¥ of two points A and B on P relative to Q are known. Lines drawn
through A and B perpendicular to the directions of these velocities intersects at point I called
instant center. The vector equations relating the velocity of point I to those of Aand B are,

Vi=VytVy )
Vi=VetVyp L ()
The velocity of I at this instant is zero. Therefore the above two equations becomes,
Vi =-Vy and V=~ Vi
or V.=V, and Ve=Vgr . 3)
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Assume the body P is rotating at an angular velocity of @, then

Vy=oxIA and Vg=0oxIB .. 4)
.. The equation (3) becomes
V, = ox]A and Ve=0xIB ... (5)
_Vp _IB
or @ = v, T (6)

The magnitudes of the velocities of points on a rigid body having plane motion vary directly
as the distances from the points to the instant centers. Thus if the instant center and the velocity of
one point on a link are known, the velocity of any other point on the same link can be found.

The basic properties of an instant center are :
1. Itisa point at which the two bodies having plane relative motion are relatively at rest.
2. Itis the point about which the bodies are rotating relative to one another at the instant.

\}onhold Kennedy's theorem

'r The theorem states that the instant centers for any three bodies having plane motion lie
along the same straight line. Let A, B and C be any three bodies having plane motion with
respect to one another and ba, ca, and be be the three centers as shown in fig. 4.2. be is a point
on either B or C. First consider bc as a point on B. Then it is moving relative to A about the
centro ba, and its direction of motion is perpendicular to the line ba-bc. Next consider bcasa
point on C. It is now moving relative to A about the centro ca and its direction of motion is
perpendicular to the line ca - bc. But the point bc cannot have two different motions relative to
A at the same time. Therefore, the perpendiculars to the lines ba-bc and ca-bc must coincide.

This can occur only when ba-bc-ca is a straight line.
b 2
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Fig. 4.2 Fig. 4.3

Kennedy's theorem is very useful in locating instant centers in mechanism in cases where
", two centros for three links are known and the third has to be found.
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Centro notation : There are a number of ways in which the centros are commonly designated.
The notations of fig. 4.3 and are employed in this text.

Number of centros : For each pair of bodies having relative plane motion there is a centro.
Therefore in 2 mechanism there are as many centros as there are possible pairs of links. The
number of centros for a given number of links # can be obtained from the following expression.

n(n-1)
2

Number of centros N =

Velocity by centros

Linear velocity: Consider a four bar mechanism as shown in fig. 4.4. The centros are located
and the linear velocity of the centro 23 is known for the mechanism. The centro 24 is a point
common to links 2 and 4 and has the same velocity in each. The link 2 turns about centro 12 and
the velocities of all points in 2 are proportional to their distances from 12. With 12 as center and
12-23 as radius, draw an arc to cut the line of centers at a. From a, draw vector ab of length
equal to the linear velocity of the centro 23. Draw the line of proportion by joining 12 and 5.
Through the centro 24, draw a line parallel to ab to intersect the line of proportion at ¢. From
similar triangles 12-g-b and 12-24-c.

V24 V23

(12-24) (12-23)

(12-24)
Vo = Vi (123
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Now the velocity of 24, a point in link 4 is known. The velocity of 34, another pointin 4 is
desired. From similar triangles 14-d-e and 14-24-c.
Vi _ Vaa
(14-34) (14-24)

) ] (14-34)
- Linear velocity of the centro 34, V,,=V,, m
Angular velocity of the links : Referring to fig. 4.4 and considering the centro 24 to be
inlink 2,
Vo = @, (12 - 24)
When 24 is considered to be in link 4,
Ve = @, (14 - 24)
But the velocity of 24 is the same in each link.
a, (14-24) = », (12 - 24)
@4  12-24
or @,  14-24
The angular velocity ratio theorm states that the instantaneous angular velocities of two
links are inverely proportional to the distances from their common centro to the centers about
which they are turning or tending to turn. U o

13

Fig. 4.5
Fig. 4.5 shows a slider crank mechanism with all centros located and the linear velocity of
23 is known. From similar triangles 12-g-b and 12-24-c,
Vs _ Vo
12-23 12-24

_ (12~24)
. Linear velocity of the centro 24, V,, =V, (12-23)

Since 24 and 34 are moving in the same direction, the velocity of V;, = V,, which is the
velocity of the slider.
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Centros by inspection

The following rules are used in locating centros. These rules permit to find some primary
centros by mspection. In any mechanism the primary centros must be located first, the rest being
found by construction.

1. Iftwo links are connected by a pivoted joint, the pivot itself is a centro for the two links
(refer fig. 4.6a)

2. Inasliding block, the centro lies at infinity in a direction perpendicular to the path of motion
of the slider. (refer fig. 4.6b)
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Fig 4.6

3. If a link is sliding over a curved element, the center of curvature is the centro. (refer
fig. 4.6¢c)

4. If two links are having rolling contact, the centro lies at the point of contact. (refer
fig. 4.6d)

5. Iftwo links have sliding contact, their centro lies where the common normal to the surfaces
at the point of contact intersects the line of centers (refer fig. 4.6¢).

Circle diagram

A circle diagram or instant center polygon is used to keep track of those instant centers
which have already been found and for developing a strategy to find any instant center not yet
located. The polygon must have as many sides as the mechanism has links. There will be just as
many sides and diagonals in the polygon as there are instant centers in the mechanism, and each
instant center will be represented by a side or a diagonal of the polygon.
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Fig. 4.7

Consider a four bar mechanism as shown in fig 4.7a. To construct a circle diagram, a small
circle of arbitrary radius is drawn first. The circumference of the circle is then divided into as
many equal spaces as there are links in the mechanism. Since there are four links, the instant
center polygon will be a square. Light dashed lines are then drawn from each point to every other
point so that the diagram appears as shown in fig. 4.7b. Next, those lines representing instant
centers whose locations are known are drawn in heavy. Fig. 4.7c then shows clearly that the
locations of instantaneous centers ac and bd are not yet known. From Kennedy's theorem, the
three centers represented by the three sides of any of the triangles must lie on a straight line. By
using Kennedy's theorem it is easy to find the other instant centers.

Example 4.1
Find the instant centers for a four bar mechanism shownin fig. 4.8.

Fig. 4.8
Solution :
Number of links n=4
. n(n—-1) 4(4-1)
Number of instant centers N = > = 5 =

Draw the configuration diagram for the given mechanism with some suitable scale. Since
there are four links, locate the four corners of the instant center polygon on the circumnference of
acircle and label the corners. Draw thin dashed lines from each corner to every other corner.
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Locate the primary instant centers on the configuration diagram. The four pin joints ab, be, cd
and ad are the four primary instant centers. Draw solid lines ab, bc, cd and ad on the circle
diagram to represent the primary instant centers. (refer fi g.4.9a).

ad

ab ®)

Fig. 4.9

In the circle diagram, there are two triangles acd and abc that share the unknown side ac.
According to the triangle acd, centros ac, ad and cd must lie in a straight line and since cd and ad
are already located, they establish a line that contains ac. Draw a line through ad - ¢d. According
to triangle abc, centros ab, bc and ac must be on a straight line, and since ab and bc are already
located, they establish a second line that contains ac. Draw a line through ab - be. The inter
section of these two lines locates centro ac as shown in fig. 4.95.

Join the corners a and ¢ of the centro polygon by solid line to represent that the centro ac is
located.

Similarly, the two triangles abd and bcd that share the unknown side bd. Triangle abd
contains the known centros ab and ad and thus establishes one line containing the centro bd.
Triangle bed contains the known centros be and cd and thus establishes a second line containing
the centro bd. The intersection of these two lines locates the centro bd as shown. Join the
corners b and d of the centro polygon by solid line. If all the lines of the circle diagram have
become solid, it indicates that all centros are determined.
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Example 4.2
Locate the instant centers for the four bar mechanism shownin fig. 4.10

Fig. 4.10
Solution :
Number of links n=4
n(n-1) 4(4-1)
Number of centros N = ) = > =6

Since there are four links, locate the four comers of the regular polygon on the circumference
of a circle and label the corners. Draw thin dashed lines from each corner to every other corner.

Draw the configuration diagram for the given four bar mechanism and locate the primary
centros. The four pin joints 12,23, 34 and 14 are the four primary centros. Draw solid lines 12,
23, 34 and 14 on the circle diagram (refer fig. 4.114)

In the circle diagram, the side 13 is common to two triangle, 123 and 134. Locate the
centro 13 which lies at the inter section of lines 12-23 and 14-34 (refer fig. 4.115). Join the
comer 1 and 3 of the centro polygon by solid line to represent that the centro 13 is located.

34 1 2

1 (b} 1

Fig. 4.11
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In the circle diagram, the side 24 is common to two triangle 124 and 234. Locate the centro
24, which lies at the intersection of lines 12-14 and 23-34. (refer fig. 4.115). Join the corners 2
and 4 of the centro polygon by solid line. As all the sides and diagonals of the centro polygon are
solid, it indicates that all centros have been determined.

Example 4.3

In a four bar mechanism shownin fig. 4.12, the link 2 is driven at 36 rad/s. Find the velocity of
link 3 and the velocity of point B by instantaneous center method. Link O,A=50mm, O,B=AB
=200 mm, distance 0,0, =175 mm. o

Solution :
Number of links n=

n(n—1)  44-1) _
22 =6

Since there are four links, locate the four corners of the regular polygon on the circumference
of a circle and lable the corners. Draw thin dashed lines from each corner to every other corner.

Draw the configuration diagram for the given four bar mechanism and locate the primary
centros. The four pin joints 12, 23, 34 and 14 are the primary centros. Draw solid lines in the
centro polygon to represent the centros, whose locations are known (refer fig. 4.13a). Locate
the two remaining centros by using Kennedy's theorm.

Number of centros =

1. From the centro polygon, the side 13 is common between two triangles 123 and 134.
Locate the centro 13 which lies at the intersection of lines 12-23 and 14-34. Join corners 1
and 3 of the centro polygon by solid line to represent that the centro 13 is located.

2. Similarly, the side 24 is common between two triangles 124 and 234. Locate the centro 24
which lies at the intersection of lines 12-14 and 23-34. Join the corners 2 and 4 of the
centro polygon by solid line.
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Angular velocity of link 2, @,=36rad/s
Velocity of A= @, x O,A =36 x 50 = 1800 mm/s
Consideer the link 3 and its centro 13 shown in fig. 4.13b.

On measurement, distance IA = 13-23 =254.96
and IB = 13-34='376.52
V4 Vg
We know that A = B
. IB
Velocityof B = ¥V, x A
37652
= 1800 x 75496 =2658.2 mm/s

. . Vy, Vg 1800
Angular velocity of link 3, o, = ﬁ = T8 = 75496

Vi 26582
0B~ 200

= 7.06 rad/s

Angular velocity of link 4, @y = =13.29 rad/s
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Example 4.4

Locate all the instant centers for the slider crank mechanism shown in fig. 4.14. The length of
various links are: OA = 150 mm, AB =480 mm and OB =600 mm.

Fig. 4.4
Solution :
Number of links n=4
-1 4(4 -
Numbet of centros N = n(n2 ) = (2 D =6

Since there are four links, locate the four comers of the regular polygon on the circumference
ofacircle and label the comers. Draw thin dashed lines from each corner to every other corner.

Draw the configuration diagram for the given slider crank mechanism and locate the primary
centros as shown in fig. 4.155. The three pin joints 12, 23 and 34 are the three primary centros.
The fourth primary centro 14 lies at infinity in a direction perpendicular to the path of motion of
the slider. Draw solid lines 12, 23, 34 and 14 on the circle diagram to represent the known
primary centros. (refer fig. 4.15q). :

14 at oc

13

14 at o
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In the circle diagram, the side 13 is common to two triangles 123 and 134. From triangle
123, centros 12 and 23 are already located, so they establish one line containing the centro 13.
From triangle 134, centros 34 and 14 are already located, so they establish the other required
line to locate 13. Centro 13 is thus located at the intersection of lines 12- 23 and 14 - 34. The
line 14 - 34 is drawn from 34 and normal to the direction of motion of the slider. Join the corners
1 and 3 of the centro polygon by solid line which indicates that the centro 13 is determined.

Referring to the circle diagram, the side 24 is common to two triangles 124 and 234. From
triangle 234, centros 23 and 34 are already located, so they establish one line containing the
centro 24. From triangle 124, centros 12 and 14 are already located, so they establish the other
required line. In this case, to draw a line through centros 12 and 14, it is necessary to move 14 to
where it will pass through 12. This utilizes the concept that parallel lines meet at infinity. The
intersection of the two lines 23-34 and 12-14 is the centro 24. Join the corners 2 and 4 of the
centro polygon by solid line. As all the sides and the diagonals of the centro polygonare solid, it
indicates that all centros have been determined.

Example 4.5
Locate the instant centers for the double slider mechanism shown in fig. 4.16a.
24 atec
14 - 4
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Fig. 4.16
Solution :
Number of links n =4
nn—1 44-D
Number of centros N = 5 =T 5 T 6

Since there are four links, locate the four comers of the regular polygon on the circumference
of a circle and lable the corners. Draw thin dashed line from each comer to every other corner.

Draw the configuration diagram for the given mechanism and locate the primary centros as
shown in fig. 4.16¢. The two pin joints 23 and 34 are the two primary centros. The third primary
centro 12 lies at infinity in a direction perpendicular to the path of motion of slider 2 and the fourth
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primary centro 14 lies at infinity in a direction perpendicular to path of motion of slider 4. Draw
solid lines 12,23, 34 and 14 on the circle diagram to represent the known primary centros (refer
fig. 4.16b). Locate the 2 remaining centros by using Kennedy's theorm.

1. From the centro polygon, the side 13 is common between the two triangles 123 and 134.
Locate the centro 13 which lies at the intersection of the lines 12-23 and 14-34. Join the
corners 1 and 3 of the centro polygon to represent the centro 13 is located.

2. Similarly the side 24 is common between the two triangles 124 and 234. Locate the centro

24 which lies at the intersection of lines 12-14 and 23-34. Join the corners 1 and 4 of the
centro polygon by solid line.

Example 4.6

Fig. 4.17 shows a Scotch-yoke mechanism. It is driven by the crank 2 at 1 rad/s. Find the
velocity of the cross-head(link 4) by instantaneous center method. Length of the crank is 50 mm.

13 atec

14 atce

Aj:g; TS' 33 34 atec
o /60 :4 LLLLL \__ag_z:
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(a) (b) (c)
Fig. 4.17
Solution:
Number of links n=4
nn—1) 4(4-1)
Number of centros = 5 = 3 =6

Since there are four links, locate the four corners of the regular polygon on the circumference
of a circle and lable the corners. Draw thin dashed lines from each comer to every other corners.
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Draw the configuration diagram for the given Scotch-yoke mechanism and locate the primary
centros. Locate the 4 primary centros by inspection. There are 2 pin joints and two sliding pairs.
Centros 12 and 23 are the centers of the pin joints. Centro 34 is at infinity in a direction
perpendicular to the motion of block 3 and the centro 14 is at infinity in a direction perpendicular
to the motion of the cross-head 4.

Locate the remaining 2 unknown centros by Kennedy's theorem.

Unknown Trianglel Triangle?2 Extension Extension Line to be made
side line 1 line 2 solid inthe
{Centro) centro polygon
13 123 134 12-23 14-34 13
24 124 234 12-14 23-34 24

Move the vertical
line 14 to 12
Angular velocity ofthecrank @, = 1rad/s
Velocity of A, V, = o, x OA=1x50=50mm/s
Consider the links 2 and 4 and the common centro 24,
V.V

12-23  12-24
. Onmeasurement, distance (12-23) =50 mm and (12-24)=43.3 mm

_ (12-24)
.. Velocity of the cross-head V, = V, (12-23)

= 50 x 50 =43.3 mm/s
Example 4.7
Locate the centros for the three - link cam mechanism shownin fig. 4.18.
Solution :
Number of links n=3
. n(n—1) 3(3-1)
Number of instant centers N = 5 = 5 = 3

Since there are only three links, the circle diagram is unnecessary. Draw the configuration
diagram for the given mechanism and locate the primary centros by inspection. The centro 12 is
where the cam pivots relative to the frame. Since the follower 3 has a sliding motion relative to
the frame, the centro 13 is at infinity in a direction perpendicular to the direction of motion of the
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Fig. 4.18 Fig. 4.19

follower. The links 2 and 3 have sliding contact, the centro 23 must lie on the common normal to the
surface at the point of contact. By kennedy's theorem, centros 12, 13 and 23 must liein a straight
line. Draw line 12 - 13 from 12 and in a direction perpendicular to the direction of motion of the
follower. The intersection of the line 12-13 and the common normal is the centro 23 (fig. 4.19).

Example 4.8
Locate the instant centers for the four link cam mechanism shown in fig. 4.20.

Solution :
Number of links n=
. n(n—-1) 4(4-1
Number of instant centers N = = =6

2 2
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Draw the configuration diagram for the given mechanism. Since there are four links, locate™
the four corners of the centro polygon on the ircumference of a circle and label the corners.
Draw thin dashed lines from each corner to every other corner.

14at oc

14at o

4 3 IFI 34 14at oC
(a) \ 1

(b
Fig. 4.21

Locate the four primary centros. The two primary centros are the two pin joints, i.c., the
cam to frame pivot 12, and the roller pivot 34. There will be pure rolling contact between the
roller 3 and the cam 2, so the centro 23 is at their point of contact. The fourth primary centro 14
is at infinity in a direction of motion of the translating rod 4 relative to the frame 1. Draw solid lines
12,23, 34 and 14 on the circle diagram to represent the known centros (fig. 4.21a).

In the circle diagram, the side 13 is common to two triangles 123 and 134. From triangle
123, centros 12 and 23 establish a line containing the centro 13. From triangle 134, centros 14
and 34 establish a second line containing the centro 13. In this case, draw line 14-34 from 34
and in a direction normal to the direction of motion of the translating rod. The intersection of the
line 12-23 and 14-34 is the centro 13. Join the corners 1 and 3 of the centro polygon by solid
line.

Referring to the circle diagram, the side 24 is common to two triangles 124 and 234. From
triangle 124, centros 12, and 14 establish a line containing the centro 24. In this case, draw a line
12-14 from 12 and in a direction normal to the direction of motion of the translating rod. From
triangle 234, centros 23 and 34 establish another line containing the centro 24. The intersection
of the line 12-14 and 23-34 is the centro 24. Join the corners 2 and 4 of the centro polygon by
solid line. As all the sides and diagonals of the centro polygon are solid, it indicates that all centros
have been determined.

Example 4.9

In a four bar chain mechanism ABCD, the link AD is fixed, which is 120 mm long. The links AB,
BC and CD are 60 mm, 80 mm, and 80 mm long respectively. At certain instant the crank AB
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makes an angle of 60° with the fixed link AD. If the crank AB rotates at uniform speed of 10 rpm
clockwise, determine the angular velocity of the links BC and CD by instantaneous center method.

13

24

Solution :
Number of links n=
-1 4(4-1
Number of centros N = n(n 1) = ( ) =6

2 2
Draw the configuration diagram of the given mechanism with suitable scale. Since there are

4 links, locate the four corners of the centro polygon on the circumference of a circle and label
the comers. Draw thin dashed lines from each corner to every other corners of the polygon.

Locate the 4 primary centres by inspection. The four pin joints 12, 23, 34 and 14 are the
primary centros. Draw solid lines in the centro polygon to represent the centros, whose locations
are known. (refer fig. 4.22a).

Locate the two remaining centros by using kennedy's theorem.

1. From the centro polygon, the side 13 is common between the two triangles 123 and
134. Locate the centro 13 which lies at the intersection of the lines 12-23 and 14-34.
Join the centro polygon comers 1 and 3 by solid line to represent that the centro 13 is
located.

2. Similarly, the side 24 is common between the two triangles 124 and 234. Locate the
centro 24 which lies at the intersection of the lines 12-14 and 23-34. Join the corners
2 and 4 of the centro polygon by solid line. Ifall the lines of the centro polygon have
become solid, it indicates that all centros are determined.
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Speed of the crank AB, n, = 10rpm

2zn, 27xx10

Angular velocity of the crank AB, @, = 0 - e - 1.047 rad/s
Velocity of B, Vg = @, x AB=1.042 x 60 = 62.832 mm/s
Consider the link 3 and its centro 13, on measurement (fig. 2.32b)
Distance IB=13-23=121 mm
and IC =13-34=79mm
VB _ Vc
We know that, .IE = E
. IC 79
- Velocity of C, Ve = Vg x B 62.832 x T 41.0225 mm/s
e Ve Ve
Angular velocity of link 3, w; = B - Ic
62.832
= 21 =0.5193 rad/s
. ) V. 410225
Angularvelocityoflink 4, @, = D - 80 0.5128 rad/s
. .. @y 23-12 . . .
OR Ratio of angular velocities w—l 3313 (consider links 2, 3 and its centro 23)

On measurement (fig. 4.225b),
Distance 23 -12=60mm and 23-13=121 mm

Angular velocity of link3, @, = 2: i‘; X @, = % x 1.0472 = 0.5193 rad/s
. @, 24-12 L .
Similarly, _ fU_z = Sa_14 (consider links 2, 4 and its centro 24)
On measurement (fig. 4.22b),
Distance 24-12 = 117mm and 24-14=239mm
24-12 117

—— x1.0472=0.5126rad/s

.. Angular velocity of link 4, o, = ﬂ X @y = 239

Example 4.10

In the four-bar mechanism shown in fig. 4.23, the link 2 is rotating at an angular velocity of 10
rad/s. The length of various links are: O,A = 100 mm, OB = 100 mm, AB =200 mm, AC =150
mm and BC = 100 mm. Locate all the instantaneous centers of the mechanism and find : (i)
Angular velocities of links 3 and 4, and (ii) Linear velocities of points A, B, Cand D.

The point Dis on link 4 and is located at a distance of 75 mm from B.
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Solution :
Number of links n=4

nn-1)  4(4-1) B
2 2 ¢

Number of centros N =

(b) '

Fig. 4.23

Draw the configuration diagram of the given mechanism with suitable scale. Since there are
4 links, locate the four corners of the centro polygon on the circumference of a circle ahd label
the corners. Draw thin dashed lines from each comer to every other corners of the polygon.
Locate the 4 primary centres by inspection. The four pin joints 12, 23, 34 and 14 are the
primary centros. Draw solid lines in the centro polygon to represent the centros, whose locations
are known. (refer fig. 4.23a).
Locate the two remaining centros by using kennedy's theorem.
1. From the centro polygon, the side 13 is common between the two triangles 123 and
134. Locate the centro 13 which lies at the intersection of the lines 12-23 and 14-34.
Join the centro polygon comers 1 and 3 by solid line to represent that the centro 13 is
located.



136

Kinematics of Machines

2. Similarly, the side 24 is common between the two triangles 124 and 234. Locate the

centro 24 which lies at the intersection of the lines 12-14 and 23-34. Join the corners
2 and 4 of the centro polygon by solid line. If all the lines of the centro polygon have

become solid, it indicates that all centros are determined.
Angular velocity of link 2, @, = 10rad/s
Consider links 2, 3 and its centro 23,
w;  23-12
w, 23-13

Ratio of angular velocities

On measurement (fig. 4.235),
Distance 23-12=100mm and 23-13=262.8 mm

o 23-12 100

. Angularvelocity oflink 3, @y = 7313 <%~ g8 * 10 =3.805 rad/s
Similarly forlinks2andd, 2% = 2312

imilarly for and 4, o, ~ 24-14

On measurement (fig. 4.235),

Distance 24-12=133mm and 24-14=171 mm

‘ 24-12 133

YRV X @, = 171 X 10%7.78rad/s
Velocity of A, V, = @ x0,A =10 x 1000 = 1000 mm/s
Consider the links 1, 3 and its centro 13,

On measurement (fig. 4.235),

.. Angular velocity of link 4, @, =

Distance JA = 13-23=262.8 mm
B = 13-34=204.7 mm
and IC = 13-C=277 mm
We known that V—A = -Vi = KC—
1A IB IC
, IB 204.7
Velocity of B, Vs = Tx *Va = 5gy g X 1000=778.92 mm/s
. IC 277
Velocity of C, Ve = A xV, = 2678 % 1000 = 1054.03 mm/s

Consider the link 1, 4 and its centro 14,
Distance B = 14-34=0,B=100 mm
Distance D = 14-D=0,B-BD=100-80=20 mm
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Ve _ Vi
We know that B - ID
Velocity of D vy = = = 2 77892 4 mr
- = b4 = x =
elocity of D, >~ I 5= 100 ) 155.784 mm/s
Example 4.11

The mechanism shown in fig. 4.24 has the following dimensions: OA =100 mm, AB =280 mm,
BC=240mm, and CD = 120 mm. The center of gravity G of the link AB is located at a distance
of 120 mm from A. Determine the velocity of G D and the angular velocity of link AB and the bell
crank lever BCD. The crank OA rotates uniformly at 30 rad/s.

Fig. 4.24
Solution :
Number of links n=
nn-1)  4(4-1)
Number of centros = = =6

2 2

Draw the configuration diagram of the given mechanism with suitable scale. Since there are
4 links, locate the four corners of the centro polygon on the circumference of a circle of arbitrary
radius and lable the comers. Draw thin dashed lines from each comer to every other corners of
the polygon.

Locate the 4 centros by inspection. The centros 12, 23, 34 and 14 are the centers of the pin
joints. Draw solid lines in the centro polygon representing the centros whose locations are known
(fig. 4.25a)

Locate the two remaining centros by using Kennedy's theorm as shown in the table.

Angular velocity of the crank OA, @,=30rad/s

Velocity of A Vi = @, *x0OA=30x100=3000 mm/s
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Unknown Trianglel Triangle?2

Extension Line to be made

side line 2 solid inthe
(Centro) centro polygon
13 123 134 14-34 13
24 124 234 23-34 24

Points A, B and G lies on link 3. Consider the link 1, 3 and its centro 13,

V4

13-23  13-34  13-G

Wy

On measurement, distance (13-23)=328.12mm, (13-34) = 174.3mm, (13-G)=235.24mm

.. Velocity of B,

Velocity of G

Angular velocity of link 3,

Angular velocity of link 4,

.. Velocity of D,

T 13-23 32812

p B3
-4 13-23)

V,(13-G)

X 37812 =1593.6 mm/s
0 x 23524 =2150.8 mm/
30812 < oV mms
=9 .14 rad/s
6.64 rad/s

o, X CD = 6.64 x 120 = 796.8 mm/s
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Example 4.12

Fig. 4.26 shows a mechanism for a wrapping machine. The crank 0, A isadriving crank rotating
atauniform speed of 50 rad/s. The dimensions of the mechanism are: O,A =80 mm, AB =650
mm, BC =200 mm, O,B = 180 mm, O,E = 350 mm, O,D = 175 mm and CD = 125 mm.
Locate all the instantaneous center and find the velocity of the point E on the bell crank.

180
ot SN AN P VR, &
=
280 ! 375 J
Fig. 4.26
Solution :
Number of links n==a
nn=-1) 6(6-1)
Number of centros N = 5 = 5 =15

Draw the configuration diagram for the given mechanism with suitable scale. Since there are
6 links, locate the six corners of the centro polygon on the circumference of a circle and lable the
corners. Draw thin dashed lines from each corner to every other corners of the polygon.

Locate the 7 primary centros by inspection. There are 7 pin joints. Centros 12, 14, 16, 23,
35,34 and 56 are the centers of pin joints. Draw solid lines in the centro polygon representing
centros whose locations are known (fig. 4.27a)

Locate the remaining 8 centros by Kennedy's theorm as shown in the table.

Angular velocity of link 2, &, = 50rad/s
Velocity of A, Vi, = a, x O,A =50 x 80 = 4000 mm/s
Consider the links 1, 3 and its centro 13,

Va Ve

(13-23) ~ (13-35)
On measurement, distance (13-23) =696.42 mm, (13-35)=528.61 mm
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Unknown Trianglel Triangle2 Extension Extension Line to be made
side line 1 Ine2 solid inthe
(centro) centro polygon
13 123 134 12-23 14-34 13
15 156 135 16-56 13-35 15
24 124 234 12-14 23-34 24
25 125 235 12-15 23-35 25
26 126 256 12-16 25-56 26
36 136 356 13-16 35-56 36
45 145 245 14-15 24-25 45
46 146 456 14-16 45-56 46

(13-35) 528.61

. Velocity of C, Ve =V, (13-23) = 4000 x =3036.2 mm/s

696.42
Consider the links 1, 5 and its centro 15,
Ve ¥
15-35  15-56
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On measurement, (15-35)=94.27 mm and (15-56) = 66.63 mm

) (15-56) .
". Velocity of D, Vp = Ve (15-35) =3036.2 x 94,35 =2144.13 mm/s
Consider the bell crank lever 6 and its centro 16,
Vo Vg
16-D ~ 16-E
) (16-E) O,E
. Velocity of E, Ve =V, (16-D) ~ Vi x 6;6

350
= 2144.13 x 175 =4288.3 mm/s

Example 4.13

Locate all the instantaneous centers of the slider crank mechanism. The length of the crank is 0.3
m, and the length of the connecting rod is 1.5 m. If the crank rotates at 450 rpm clockwise and
the crank is inclined at 45° with the inner dead center, find (i) Velocity of the slider, and
(1i) Angular velocity of the connecting rod.

Solution :
Number of links n=4
nin-1) 44-1
Number of centros N = 5 = > =6

Draw the cdnﬁgmation diagram of the given slider crank mechanism with suitable scale.
Since there are 4 links, locate the four corners of the centro polygon on the circumference of a
circle of arbitrary radius and label the corners. Draw thin dashed lines from each corner to every
other comers of the polygon.

Locate the 4 primary centros by inspection. There are three pin joints and one sliding pair.
Centros 12,23 and 34 are the centers of the pinjoints and the centro 14 is at infinity in a direction
perpendicular to the slider's motion. Draw solid lines in the centro polygon representing the
centros whose locations are known (refer fig. 4.28a).

Locate the two remaining centros by using kennedy's theorem.

1. From the centro polygon, the side 13 is common between the two triangles 123 and
134. Locate the centro 13 which lies at the intersection of the lines 12-23 and 14-34.
Join the centro polygon corners 1, 3 by solid line to represent the centro 13 is located.

2. Similarly, the side 24 is common between the two triangles 124 and 234. Locate the
centro 24 which lies at the intersection of the lines 12-14 and 23-34. In this case, to
draw a line through centros 12 and 14, it is necessary to move the vertical infinite line
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14 to where it will pass through 12. Join the comners 2 and 4 of the centro polygon by
solid line. If all the lines of the circle diagram have become solid, it indicates that all
centros are determined.

Speed of the crank AB, n, =450 rpm

14 ator

4 () I/)////ij////
Fig. 4.28
i 2am 27 x450
Angular velocity of the crank AB, @, = o - e 47.124 rad/s

Velocity of B, ¥V, = w, X AB
= 47.124 x 0.3 =14.1372 m/s
Consider the connecting rod BC and its instantaneous center 13
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On measurement (refer fig. 4.28b)
IB=13-23=208m
IC=13-34=168m

We know that Vo Ve _
: . Vs

- Velocity of slider C, Ve = B~ IC

141572 1.68=11.4185 m/

= e =
208 ' >
, _ V, 141372
Angularvelocityoftheconnectingrod @, = B- 208 =6.7967 rad/s
Example 4.14

Fig, 4.29 shows a toggle mechanism in which the crank OP rotates at uniform speed of 120 rppm
in clockwise direction. Locate all the instant centers of the mechanism and determine the velocity
of the slider S. The lengths of various links are: OP = 80 mm, PR = 180 mm, QR =240 mm and
SR =270 mm.

14

LI

N
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Solution :
Number of links n==6
nn-1) 6(6-1)
2 2
Draw the configuration diagram for the given mechanism with suitable scale, since there are
6 links, locate the six corners of the centro polygon on the circumference of a circle and label the
corners. Draw thin dashed lines from each comer to every other corner of the polygon.

Locate the 8 primary centers by inspections. There are 7 pin joints and one sliding pair.
Centros 12,23, 34,45, 35,46 and 15 are the centers of pin joints and the centro 16 is at infinity
in a direction perpendicular to the slider’'s motion (refer fig. 4.295). Draw solid lines in the centro
polygon representing centros whose locations are known (refer fig. 4.294)

Locate the remaining 7 unknown centros by Kennedy's theorem.

Number of centros N = 15

Unknown Trianglel Triangle2 Extension Extension  Line to be made
side line 1 line2 solidin the
centro polygon
13 123 135 12-23 15-35 13
14 146 134 16-46 13-34 14
(Vertical line through 46)
24 124 234 12-14 23-34 24
25 125 245 12-15 24-45 25
26 126 246 12-16 24-46 26
(Vertical line thorugh 12)
36 136 346 13-16 34-46 36
(Vertical line thorugh 13)
56 156 456 15-16 45-46 56
(Vertical line thorugh 153)
Speed of link 2, n, = 120 rpm
. . 2zn, 2mx120
Angular velocity of link 2, ® =" T T e 47 rad/s
Velocity of P, V, = o, % OP =47 x 80 =1005.3 mm/s

Consider the link 3 and its instantaneous center 13,
On measurement (fig. 4.29b),

Distance IP = 13-23=197.6 mm
and IR = 13-34=103.6 mm
We know that, - =

IP IR
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IR

X —
1P

1005.3 103.6 527.07 mm/
= X —— =
2% 1976 -/ mm/s

Consider the link 4, and its instantaneous center 14, on measurement (fig. 4.295)
Distance IR = 14-34=273.6 mm

. Velocity of R, Ve =V,

and IS =14-46=174.6 mm
We know that Ve _ Vs
e knowthat, IR IS
IS
.. Velocity of slider S, Ve = Vpx —I-li
174.
= 527.07 x 736 =336.35 mm/s
Example 2.15

In fig. 4.30, the crank OA is 100 mm long and rotates in a clockwise direction at a speed of 100
rpm. The straight rod BCD rocks on a fixed pivot at C. BC and CD are each 200 mm long and
the link AB is 300 mm long. The slider E is driven from D by the rod DE which is 200 mm long.
When OA is 30°, below the horizontal as shown, find the velocity of A, B, D and the slider E.

Solution :

Number of links n=6
-1 6 (6-1
n (r; > _ 6¢( 2 ) _ s
Draw the configuration diagram of the given mechanism with suitable scale. Since there are
6 links, locate the six corners of the centro polygon on the circumference of a circle and label the
corners. Draw thin dashed lines from each comers to every other corner of the polygon.

Number of centros N =

Locate the 7 primary centros by inspection. There are 6 pin joints and one sliding pair.
Centros 12, 23, 34,45, 56 and 14 are the centers of the pin joints and the centro 16 is at infinity
in a direction perpendicular to the slider's motion. Draw solid lines in the centro polygon
representing centros whose locations are known (refer fig. 4.305)

Locate the remaining 8 unknown centros by Kennedy's theorem as shown in the table.

Speed of the link 2, n, = 100 rpm

2 27 %100
Angular velocity of the link 2, @, = ’6"';2 - ”;0 = 10.472 rad/s
Velocity of A, Vi = o, x OA

It

10.472 x 0.1 = 1.0472 m/s
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Unknown Triangle 1 Triangle2 Extension Extension  Line to be made
side line 1 line 2 solid in the
centro polygon
13 123 134 12-23 14-34 13
15 156 145 16-56 14-45 15
(Vertical line through 56)
24 124 234 12-14 23-34 24
25 125 245 12-15 24-45 25
26 126 256 12-16 25-56 26
(Vertical line through 12)
35 235 345 23-25 34-45 35
36 136 356 13-16 35-56 36
, (Vertical line through 13}
46 346 456 34-36 45-56 46

25

16 at o

intersects at 15

(b)
Fig. 4.30



Velocity Analysis by Instantaneous Center Method 147

Consider the link 3 and its instantaneous center 13,
On measurement (from fig. 4.306)

Distance IA =13-23=023m, IB=13-34=0.2675m
Yo _ Y
We know that, A - 1B
: 4 1.0472
= Velocity of B, Ve =24 xIB= x 0.2675=1.218 m/s

IA 023
Consider the link 4 and its instantaneous center 14,

On measurement, IB=14-34=02m, ID=14-45=02m

Ve _ o
We known that, B - D
\ 1218
. Velocity of D, Vv, = ﬁ xID=-"=x02=1218m/s

Consider the link 5 and its instantaneous center 15,
On measurement, ID=15-45=1.175m, IE=15-56=12m

o Y
We known that, D - IE
o . _ V1218 _
= Velocity of soliderE, ¥, = D > IE = 175 % 1.2=1.244 m/s

Example 2.16

Inacrank and slotted type quick return motion mechanism shown in fig. 4.31a, the crank rotates
at 60 rpm. Determine the velocity of the ram D and the angular velocities of the guiding arm OC
and the connecting link CD. Link AB =200 mm, OC = 600 mm, CD = 500 mm.

Solution :

Number of links n==6
n(n-1) 6(6-1) N
5 = 2 =15

Draw the configuration diagram of the given mechanism with suitable scale. Since there are
6 links, locate the six corners of the centro polygon on the circumference of a circle and lable the
corners. Draw thin-dashed lines from each corner to every other corners of the polygon,

Number of centros N =

Locate the primary centros by inspection. There are 5 pin joints, and two sliding pairs.
Centros 12, 14,23, 45 and 56 are the centers of the pin joints. The centro 16 of the sliding block
6 is at infinity and is perpendicular to the travel of the block 6. The centro 34 of the guide block
3isatinfinity and is perpendicular to the link 4. Draw solid lines in the centro polygon representing
centros whose locations are known (refer fig. 4.31b).



148 Kinematics of Machines

Locate the remaining 8 centros using the following table.

Unknown Trianglel Triangle?2 Extension Extension Line to be made
side line 1 line2 solid inthe
(centro) centro polygon
15 145 156 14-45 16-56 15

Move the vertical line 16 to 56
13 123 134 12-23 14-34 13
Move the infinite line 34 to 14
24 234 124 23-34 12-14 24
25 245 125 24-45 12-15 25
26 126 256 12-16 25-56 26
Move the vertical line 16 to 12
35 345 235 34-45 23-25 35
Move the infinite line 34 to 45
36 356 136 35-56 13-16 36
Move the vertical line 16 to 13
46 456 146 45-56 14-16 46
Move the vertical line 16 to 14
Speed of the crank n, = 60rpm
2zn, 2 x60

= =2 xrad/s

Angular velocity of thecrank @, 60 0

Velocity of B, Ve = w, x AB=2xx200=1256.64 mm/s
Consider the links 2 and 4 and the common centro 24.
| ey (12-20)
Radio of angular velocity 0, = (14-24)
On measurement, distance (12-24) = 185.71 mm and (14-24)=435.71 mm
) . (12-24)
. Angular velocity of guiding arm OC, @, = @, (14-24)
5 185.71 5 678 rad/s?
= x =
X 435l YO TER
Consider the links 2 and 5 and the common centro 25.
o5  (12-25)

Ratio of angular velocity w, ~ (15-25)
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13

Fig. 4.31

On measurement, distance (12-25) = 221.86 mm and (15-25)=953.11 mm

(12-25)
- Angular velocity of connecting link CD, @;= @, (15-25)
221.86
=27 = 1.4626 rad/s

X
953.11
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Consider the links 2 and 6 and the common centro 26
VD VB
(12-26)  (12-23)
On measurement, distance (12-26) = 255.35 and (12-23) =200 mm

| (12-26)
.. Velocity of the ram Vo=V (12-23)

25
1256.64 x =1604.4 mm/s

200

i

/ KLEIN'S CONSTRUCTION

A graphical method for detemiining the velocity and acceleration of the piston, given by
Prof. Klein, is shown in fig. 4.32.

Construction :
1. Draw the slider crank mechanism OCP for the given position of crank OC.
2. Produce the connecting rod PC tomeet the vertical through O at M.
3. With PC as diameter draw a circle.
4

. With C as center and radius equal to CM draw another circle to cut the previous circle at R
and S.

5. Joint SR cutting PCin Tand OP inN.

Now OCM is the velocity diagram and OCTN is the acceleration diagram of the
mechanism. Then,

M
0

[
®» °
r p‘
e o
: (c) )
’ p'.
c

(a)

Fig. 4.32
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Velocity of the piston ¥, = @ x OM
Acceleration of the piston 4, = ’ x ON

CM

Angular velocity of the connecting rod W, = B PC
i ) TN
Angular accleration of the connecting rod &, = @? % TC

Note :
1. To find the velocity of any point D on the connecting rod PC, divide CM at D, inthe same ratio
“as D divides CP (refer fig. 4.34)
CD, €D
™M~ CP
Velocity of D, V,, = @ x OD,
2. To find the acceleration of any point D on the connecting rod PC, draw a line from the point
D parallel to PO which intersects CN at D, (refer fig. 4.34)
Acceleration of D, 4,,= &# x OD,

——Proof:

The velocity and acceleration diagram for the slider crank mechanism is shown in fig. 4.32
(b) and (c) respectively. In order to prove the quadrilateral OCTN represents acceleration diagram
for this mechanism, it is necessary to prove that the quadrilateral OCTN is similar to the quadrilateral
o'cp,’p' i.e., (1) The sides of quadrilateral OCTN and o'cp, ' should be parallel, (2) Ratio of
adjacent sides of quadrilateral should be equal to the ratio of corresponding adjacent sides of
another quadrilateral.

As SR s perpendicular to CP, it will be perpendicular to CT also. Consider two quadrilateral
OCTNando'cp,p".

ON is parallel to o'’p’ by construction

OC is parallel to o'c’ by construction

CT is parallel to ¢ p, ' by construction

ile.,

TN s parallel to p,’ p' by construction

Hence, first condition is fulfilled.

Join PR and CR. From triangles CPR and CTR,
angle CRP = angle RT'C =right angles
angle RCP = angle RCT =common angle
angle CPR = angle CRT
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Therefore two triangles CPR and CTR are similar.

R _Cr
CP CR
2 2
CT = CR* _CM
CP CP
Dividing both sides by OC,
o _ _om
oC CPx0OC
N ¢'p,”  Centripedal acceleration of CP
o, o'c¢’ Acceleration of crank C
_ V3!CP _ »?xCM2/CP
w* x0C @? xOC
¢'p/ _ _CM?
o'c’ CPx0OC
From equation (1) and (2)
CT _dp’
oC o'c'

Kinematics of Machines

(2

Hence the second condition is fulfilled. Therefore quadrilateral OCTN is similar to
quadrilateral o’c’p’; p’. Thus OCTN represents the acceleration diagram to some scale.

Example 4.17
Determine the velocity and acceleration of the piston by Klein's construction for a steam engine
to the following specifications :

Stroke of piston = 600 mm

Ratio of length of the connecting rod to crank length=5

Speed of the engine =450 rpm clockwise
Position of the crank = 45° with inner dead center

Solution :

Radius of the crank
Length ofthe connectingrod [/ =5%x03=15m
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2zrn B 271 x 450

Angular velocity @ =" 0 47.124 rad/s
R
M
P NJs 0
Fig. 4.33

Construction : (Refer fig. 4.33)

1. Draw the slider crank mechanism OCP for the given position of the crank with some suitable
scale.

2. Produce the connecting rod PC to meet the vertical at O in M.
3. With PC as diameter draw a circle.

4. With C as center and radius equal to CM draw another circle to cut the previouscircleat R
and S.

5. Join SR cutting PC in T and OP in N. In this example N and S are at the same point.

Onmeasuring, OM = 0.2475m and ON =(.2025 m
Velocity ofthepiston ¥, = @ x OM = 47.124 x 0.2475
= 11.66 m/s

@ x ON = 47.1242 x 0.2025
= 449.69 m/s?

Acceleration of the piston
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Example4.18
The stroke of the reciprocating steam engine is 400 mm and the length of the connecting rod 1s
600 mm. The crank rotates at 300 rpm in the clockwise direction and the crank is inclined at 30°
with the inner dead center. The center of gravity of the connecting rod is 240 mm away from the
crank end. By Klein's construction determine the following:

) Velocity and acceleration of the piston.

i) Angular velocity and angular acceleration of the connecting rod.

i) Velocity and acceleration of the center of gravity of the connecting rod.

Solution :
Stroke § =400 mm = 0.4 m, / = 600 mm = 0.6 m, &=30° n=300 rpm
. S 04
Radius of the crank rE o= =02m
. 20 n  27x300
Angular velocity O= T T T 31.4 rad/s

Fig. 4.34

Construction : (Refer fig. 4.34)
1. Draw the slider crank mechanism QCP for the given position of the crank with suitable

scale.
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2. Produce the connecting rod PC to meet the vertical at O in M.
3. With PC as diameter draw a circle.

4. With C as center and radius equal to CM draw another circle to cut the previous circle at R
and S.

. Join SR cutting PCin Tand OP in N,

. Locate the point D at a distance of 0.24 m from C on the connecting rod PC and draw a line
from D parallel to PO which intersects the line joining CN at D,.

N Lh

7. Locate the point D,, on the line CM such that
CD, _CD
cM  CP
On measurement,

OM=0.13m, ON=021 m, CM=0.175m, TN = - 0.095 m,
OD,=0.155m, OD,=0.195m

Velocity of the piston V, = ox0OM
= 31.4 x 0.13=4.082 m/s
Acceleration of the piston 4, = & xON
= 31.42 x 0.21 =207.05 m/s?
. . CM
Angular velocity ofthe connecting rod Bpe = @X 5=
0.175
= 314 06 =9.16 rad/s
Angular acceleration of the connectingrod  a,, = @ x %
=31.4%x (—_—(%95) =— 156 rad/s?
Velocity of the point D, Vo = @x 0D, -
= 31.4 x0.155=4.867 m/s
Acceleration of the point D, A, = @ x 0D,

= 31.42x0.195=192.26 m/s*

Example 4.19

The length of the crank and connecting rod of a reciprocating engine are 200 mm and 800 mm
respectively. The crank is rotating at a uniform speed of 480 rpm. Using Klein's construction find:
(1) Acceleration of the piston, (ii) Acceleration of the middle point of the connecting rod and (iii)
Angular acceleration of the connecting rod when the crank has tumed through 45° from the inner
dead center

Data: r=200mm=0.2m,/=800mm=0.8m, n=480 rpm, §=45°
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Solution :

2xrn _ 2z x480

Angular velocity of the crank @= o - 60 50.265 rad/s

Fig. 4.35

Construction : (Refer fig. 4.35)
1. Draw the slider crank mechanism OCP for the given position of the crank with suitable
scale.
2. Produce the connecting rod PC to meet the vertical at O in M.
. With PC as diameter, draw a circle.
4. With C as center and CM as radius, draw another circle to cut the previous circle at R
and S.
5. Join SR cutting PC at T and OP atN.
6. Locate the center point D of the connecting rod and draw a line from D parallel to PO
which intersects the line joining CN at D,
7. Locate the point D, on the line CM such that

cD, CD 1

CM CP 2
On measurement from fig. 4.35

Distance OM = 0.167 m, ON = 0.142 m, CM = 0.144 m, TN = - 0.139 m,
OD, =0.1696 m, OD,=0.158 m.

L
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Velocity of the piston V, =0 xOM
=50.265 % 0.167 = 8.394 m/s
Acceleration of the piston A, =a? x ON

=50.265% x 0.142 = 358.78 m/s*
Velocity of the middle point D Yy =0 x 0D,
=50.265 x 0.1696 = 8.525 m/s
Acceleration of the middle point D 4, =&” x OD,
=50.2652 x 0.158 = 3.99.2 m/s*
. . CM
Angular velocity of the connecting rod Bpe= O 5

0144
=50.265 % W =9.05 rad/s

TN
Angular acceleration of the connecting rod a o= @’ x PC

(-0.139)

=_ 2
08 438.99 rad/s

=50.2652 x

Example 4.20

In a slider crank mechanism, the length of crank and connecting rod are 125 mm and 500 mm
respectively. The center of gravity G of the connecting rod is 275 mm from the slider. The crank
speed is 600 rpm clockwise. The crank makes 45° from inner dead center. Locate all the
instantaneous centers and find velocity of slider, velocity of point G and angular velocity of
connecting rod. By Klein's construction, determine the acceleration of the slider and the point G
(VTU, Jan 2006)

Data :

r=125mm=0.125m, /=500mm=0.5m, n,=600 rpm, 6=45°,

PG=275mm=0.275m

Solution :
Number of links n=4¢
n{n-1) 4(4-1)
Number of ceniros N = > = 5 =6

Draw the configuration of the given slider crank mechanism with suitable scale. Since there
are 4 links, locate the four corners of the centro polygon on the circumference of a circle and
label the corners. Draw thin dashed lines from each comer to every other corners of the polygon.
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14 at oC

13

Fig. 4.36

Locate the 4 primary centros by inspection. There are 3 pin joints and one sliding pair.

Centros 12, 23 and 34 are the centers of the pin joints. The centro 14 is at infinity in a direction
perpendicular to the slider's motion. Draw solid lines in the centro polygon representing the
centros whose locations are known (fig. 4.36 a).

Locate the two remaining centros by using Kennedy's theorm as shown in the table.
Speed of the crank OC, 1, = 600 rpm

2zn, 2xx600

Angular velocity of the crank OC, @, = o e - 62.832rad/s

Velocity of C, Vo= a,% 0C=62.832x0.125=7.854 m/s
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Unknown Triangle1 Triangle?2 Extension Extension Line to be made
side line 1 line 2 solidinthe
(centro) centro polygon
13 123 134 12-23 14-34 13
24 124 234 12-14 23-34 24

{Move the vertical line 14 to 12)

Consider the link 3 and its centro 13

VC _ VP _ VG _
13-23  13-34 13-G %

On measurement, distance (13-23)=0.696 m, (13-34)=0.581 m and (13-G)=0.597m

: ] (13-34) 0581
~. Velocity of the slider ¥V, = V. (13-23) =7.854 x 0608 635 m/s
, : (13-G) 0597
Also, velocity of point G, ¥V = V. (13-23) ~ 7.854 % 0,696 =6.7349 m/s
. i Ve 7.854
Angular velocity of the connecting rod @,,.= 13_'23 = 0,696 11.284 m/s

Draw the Klein's construction as shown in fig. 4.36

On measurement, distance ON = 89.04 mm and OG,=101.16 mm
Acceleration of the piston 4, = &* x ON=62.8322 x 0.089 = 351.36 m/s?
Acceleration of the point G, 4, =0G, =62.8322 x 0.1012 =399.52 m/s?

Determination of Velocity and Acceleration of the Piston by Analytical Method

Fig. 4.37 shows the configuration of the slider crank mechanism.

Fig. 4.37
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Let @ = Angular velocity of the crank OC
@, = Angular velocity of the connecting rod PC
V, = Velocity of the piston P
A, = Acceleration of the piston
a, = Angular acceleration of the connecting rod
! = Length of the connecting rod
r = Length of the crank
n, = Ratio of the length of the connecting rod to the crank length, i.e.,n, = 1/r

@ = Inclination of the crank and from the inner dead center

¢ = Inclination of the connecting rod with the line of stroke

x = Displacement of the piston from the end position
Draw CD perpendicular to the line of stroke OP
from the figure, x = PP, =0OP,-OP
but OP, = OC+CP=r+I
and OP = OD+DP=rcos 8+1cos ¢

x=r+l-rcosf@-Icos g
=r(l-cosH+!(l~cosg) .. (N

Now CD is the common side of two triangles OCD and DPC,
therefore, CD =r sin 8=1sin ¢

ing sind
or sin g = ”'l" S — @)
1

. 2
sin“f8 1
but cos ¢ = Jl-sin?¢ = \’1‘ w2 Jn? ~sin’ @
Substituting the value of cos ¢in equation (1) we have

ni —sin’ 6 }

=
It

G

r(l—cos 9)+[{1—

r(l-cos@)+I/- ni,/nf -sin’ @

!

o
r(1—cos @ +n,r—r . fn?—sin’8 (smce;=n1)
r (l—-c056+n, —yn} —sin’ 6)
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Differentiating the above equation with respect to time,
dx df dx dx de

VP=E=-&;.%=0J% (smce;t—=m)

= wx diﬂ {r(l—c039+n1 — y/n! —sin? 6)}
$in 20

= Ssin@+ ———m—-=—
v, a)r[ 2m] ..... (3)

Differentiating the above equation with respect to time,
_dv, _de dv,
P dr  dt’ 4@

I7) 4 wr sin8+~———-—-—Sin29
de 21/n12 -sin’@

2y | cosB+ nf cos260 +sin 0 4
4, = @'r ZJnf -sin’@ | “)
Since sin®#and sin* @are very small compared to #? thus, the equation (3) and (4) becomes,
sin@ + sin26
V‘TJ =~ O m | e 5
cosB + cos26
4, = Pr P (6)

The angular velocity and angular acceleration of the connecting rod are calculate as follows:
in@
Consider the equation (2), sin g= i‘:——
1

differentiating both sides with respect to time, we get

do cos@ o
cos ¢@. a m
cos8 . &
cos @ @, = P 1) (since prs @,)
@ cosf
@ = —

but, cos ¢

It
=
=5
-
|
=
=
(]
fxnl
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_ o ncos@ @wcosb
@ n ) Jn,z ~sin’ 9 - Jnf—sinzﬂ
neglecting the value of sin? &, we have
wcoso
@ =T )]

c nl

g _do, do do
an %= " T a a6

w* sir1|9(n,2 -l)

neglecting the value of 1 and sin? @ being very small compared to n3, we get

wZ
== sind¢ . (8)

(44

c

Example 4.21

The crank of a reciprocating engine is 90 mm long, the connecting rod is 360 mm long and the
crank rotates at 150 rpm clockwise. Find the velocity and acceleration of the piston and the
angular velocity and angular acceleration of the connecting rod when the angle which the crank
makes with the inner dead centre is 30°.

Solution :

[ 036
r=90mm=0.09m, /=360mm=036m, »n = =W =4, 8=30° n=150rpm
' 2 2r x 150
Angular velocityof crank @ = gon = E;O =15.7 rad/s
Velocity of piston v, = ar I:sin6+ sze] =15.7 x 0.09 [sin30+sm60]
n, 2x4
= (.8595 m/s
cos20 60
Accelerationof piston 4, = &?r [COSQ“L ] =15.72 x 0.09 [00530+ ° ]
l
= 21.985 m/s?
w 15.7
Angular velocity of connectingrod @, =7~ cos 8 = —; Xcos 30=3.399 rad/s
1
2 2
Angular acceleration of connectingrod @, = - 2 sing=- 27 Gin30
m

= —30.81 rad/s?
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B

REVIEW QUESTIONS

Define the term, instantaneous center of rotation.
State and explain Kennedy's theorm.
State and prove Kennedy's three centers in line theorm. (VTU, Jan 2006)

Locate the instantaneous center of the following joints.
1) Revolute joint, ii) Prismatic joint, iii) Cam-pair contact.

List the steps in Klein's construction to determine the velocity and the acceleration of the
piston in a slider-crank mechanism.

What is instantaneous center? Locate all the instantaneous center of a single slider crank
mechanism and show how the velocity of the slider is determined. (VTU, Jan 2005)

Explain with neat diagram how the acceleration of the slider and the connecting rod of a
slider crank mechanism can be determined using Klein's construction. (VTU, July 2005)

EXERCISE -4

. Locate all the instant centers for the mechanism shown in fig. 4.38 and fig. 4.39.

4
G

100 mnx C s |

Fig. 4.38
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2. Locate all the instant centers of the linkage shown in fig. 4.40.
AB=35mm, BD=100mm, DE=20 mm, BC=20mm, CF=50mm.

—————— 85mm————|

D
Fig. 4.40

3. For the four bar mechanism shown in fig. 4.41 locate all the instant centers. Determine the
angular velocity of the link CD if the crank AB rotates at 3 rad/s. Length AD =135 mm, AB
=75mm, BC=115 mmand CD= 135 mm. [Ans. 2.6 rad/s]

Fig. 4.41 Fig. 4.42

4. Locate all the instant centers in the mechanism shown in fig. 4.42. If the link 2 is turning
clockwise at the rate of 60 rad/s, determine the linear velocity of points C and E using
instant centers. Lengths Ad = 100 mm, AB =30 mm, BC=75mm, CD =60 mm, CE
=35 mm and EB = 50 mm.

5. Solve the probelms 6, 7 and 8 by instantaneous center method.
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6. Determine the velocity and acceleration of the piston in a slider crank mechanism by Klein's
construction to the following specifications. Stroke =300 mm, Ratio of length of connecting
rod to crank =4, Speed of the engine = 300 rpm, Position of crank = 45° with inner dead
center. (VTU, Jan. 2007)

[Ans. 3.9212 m/s, 104, 683 m/s?]

7. The crank of a reciprocating engine is 60 mm long and connecting rod is 240 mm long. The
crank rotates at 400 rpm. Find the velocity and acceleration of the piston and the angular
velocity and angular acceleration of the connecting rod when the crank is 30° from inner
dead center by Klein's construction (VTU, Jan. 2005)

[Ans. 1.529 m/s, 104.33 m/s?, 9.069 rad/s, —219.32 rad/s?]

8. Inareciprocating engine, length of crank is 250 mm and length of connecting rod is 1000
mm. The crank rotates at a uniform speed of 300 rpm clockwise. By Klein's construction
determine (i) Velocity of piston and angular velocity of connecting rod. (1) Acceleration of
piston and angular acceleration of connecting rod. The crank is at 30° from inner dead
center, (VTU, July 2004)

[Ans. 4.777 m/s, 6.802 rad/s, 7.7835 m/s?, 123.37 rad/s?]

9. The mechanism of a wrapping machine, is as shown in Fig. 4.43 has the following dimensions:
0 A=100mm, AC=700mm, BC =200 mm, O3C =200 mm, 02E =400 mm, OZD
=200 mm and BD = 150 mm. The crank O, A rotates at uniform angular velocity of 100
rad/sec. Find the velocity of the point E of the bell crank lever by instantaneous centre
method. (VTU, Jan 2008)

300 !— 400 -1[



VELOCITY AND

ACCELERATION ANALYSIS
- ANALYTICAL APPROACH

The analytical solution techniques are easier and can be conveniently programmed on a digital
computer for repetitive or extensive analysis. The geomentrical constraints associated with
mechanisms can be formulated using vector displacement, velocity and acceleration closure
equations.

Closure equation

The closure condition simply expresses the condition that a loop of a linkage closes on itself.
It is convenient to represent the terms in the closure equations by vectors. For the four-bar
linkage mechanism shown in fig. 5.1, the closure equations would be

Fig. 5.1
p=a+d=b+c ora=h+c+d
where @,b,c and d be the position vectors of links DA, AB, BC, and CD respectively.

Raven's approach

The two dimensional kinematics problem can be easily solved by using complex algebra.
The complex algebra formulation provides the advantages of increased accuracy and suitable for
digital computer computation. The complex algebra approach to velocity and acceleration analysis
leads to a set of linear equations, which can be solved in quite straight forward. The method
illustrated in the following examples were developed by Raven. In Raven's method, the links of a
mechanism are replaced by vectors, and the vector equations are obtained by equating the
resultant of the vectors around every closed loop to zero.
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7777 a 7777777 777777 D 7777 = 7777777 777077
{a) : (b)
Fig. 5.2
Four-bar mechanism

To illustrate Raven's approach, let us analyse a four bar mechanism shown in fig. 5.2a. Let
a,b, ¢, and d denote the length of links, and @, 8,, 8,and 8,denote the angular position of links
1,2, 3, and 4 respectively. The angles are considered as positive when measured counterclockwise

asshown. Let a, 5, ¢ and 4 be the position vectors of the links a, b, ¢, and d respectively
(refer fig. 5.2b). The loop — closure equations is

b+c+d=a 1)

where 4 has constant magnitude and direction (fixed link). The vector 5 has constant magnitude
and its direction 6, varies, which is the input angle. Iflink 2 is the driving link, then @,, @, and o,

are known quantities. The vector ¢ and ¢ has unknown magnitude and direction. Expressing
the vectors in complex form,

be'®2 + et + deitt = g 0% = ¢4 (. 6=0 ... (2)

Differentiating the equation (2) with respect to time, we get

ib éj_z e'®? + jc éj—j e +id ggfh e =0 (- aisafixedlink) ... (3)
do, do, dé,
Let E‘ = @, 7 = @, , and 7 =y,
.. Equation (3) becomes
iba,e”+icw, e +idw, =0 L (4)
Substitute e’ = cos £+ i sin fin equation (4), we get
ib @, (cos 0, + isin &) +ic w; (cos&; +isin 8,) +id w,(cos G, +isin ) =0 ... (5)

The real part of the equation (5) 1s,
R,=-b w,sin 8,-cw;sin 6, -dw,sing, =0 . (6)
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The imaginary part of the equation (5) is,
I,=bw,cos 6,+ coj cos 6, +dw,cos ,=0 .. )
Solving the simultaneous equations (6) and (7), we get

Angular velocity of link 3, @, = -7 sin (85— 8,) X@, (8)
Angular velocity of link 4 _ bsin(8, =0s) 9
gular velocity o » 0y T o (6,-6,) X@ e 9)
Differentiating the equation (4) with respect to time, we get
. _ d | .d
be'®? [E%—wg] + ce'® [1’—%—(0%] + de'® [1%—0)3] =0 .. (10)
da T Ty "% Mg T %
.. Equation (10) becomes
be'®2 (ia, — a) + ce'% (ic; — w?) + de'¥ (ig,— 0P)=0 .. (11)

Substituting e® = cos@+isin@ inequation (11), we get
b (cos 6, +isind,) (i &, — wf) +c (cos 0, +isin 6;) (i &y — wf) +
d(cos 8, +isn8)(ia,-0H=0 .. (12)
The real part of the equation (12) is

R, = -b (@} cos 6, + a, sin 6,) — ¢ (w§ cos G+ a; sin b))

—d(@lcos 6,+a,sind)=0 .. (13)

The imaginary part of the equation (12) is

I, = b(a,cos 6~ @7 sin 6,) + ¢ (@ cos 6, — wj sin )

+d(a,c08 6~ wlsingp)=0 .. (14)
Solving the simultaneous equations (13) and (14), we get,
Angular acceleration of link 3 is,
o, bl cos(8, —8,) +c o3 cos(f -6,)+dw}
a; = - 2 3 i A4 . (15)
3 m! 2 C Sin(93 - 94)
Angular acceleration of link 4 is,
U, bw? cos(8, — 65) + ¢ o3 +dw] cos(0; ~ 8,) 16)
4 a, 2 d Sil‘l(93 _94) .....
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7T 77777 T

Fig. 5.2¢

Having found the angular velocities of links 3 and 4, we can compute the linear velocity at
any point on the links as follows. Let C be a point whose velocity is to be found (refer fig. 5.2¢).
Join AC. The position vector g isthen

g =b+C=p+ce® (17
Differentiate the equation (17) with respect to time,
Velocity V.= g=ibo,e +icoye® (18)

Substitute " = (cos 6+ i sin 6) in equation (18), we get
= ibw, (cos 6, +isin ) +icw,(cos & + i sin &)
The real and imaginary components are;
R, = -bw,sin 6,—~co,sin G,
I, = bw,cos 6,+cwycos B

The magnitude of velocity ¥,= \/R2 + J2
and direction is, €, = tan™! (L]

The linear acceleration of the point C on link 3 is obtained by differentiating the equation
(18) with respect to time.

" Acceleration 4, = g = be'® (ia, — w}) + ce'® (ia, - ) e (19)
Substitute ¢ = (cos 6+ i sin ) in the above equation,

4. = b{cos 6, +isin 8) (iqy— ) + ¢ (cos &, +isin ) (i — w})
The real and imaginary components are;

R, = —b(@f cos 6, + a, sin 6))— ¢ (@} cos 6, + a; sin )

I, = b(a cos 6, - @,” sin 6,)) + ¢ (a; cos &, — @} sin 6,)

Ia
Acceleration 4, = JR2+[> and 6, =tan™ [“‘E‘)

a
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Example 3.1
A four far chain mechanism ABCD is made up of four links, pin jointed at the ends. AD is a fixed
link which is 120 mm tong. The links AB, BC and CD are 60 mm, 80 mm, and 80 mm long
respectively. At certain instant, the link AB makes an angle of 60° with the link AD. If the link AB
rotates at uniform speed of 10 rpm clockwise direction, determine analytically

(1) Angular velocity of the link BC and CD

(i) Angular acceleration of the link BC and CD
Data:

AD=4a=120mm AB=5=60mm, BC =c¢=80mm, CD=d=80mm,

6,=60°, n,=—10rpm (clockwise)
Solution:

Draw the configuration diagram as shown in fig. 5.3. We have to determine first the angles
6, and 6, made by the links 3 and 4.

Fig. 5.3

Consider the triangle ABD,
BD = s = /a* +b* —2ab cosb,

= J120 + 607 = 2x120x 60 cos60 =103.923 mm

sin £ sin 6,

By law of sines, b P
. sin #  sin 60
Les 60  103.923

- Angle B =30°

From triangle BCD,

CD =d= \/cz +57 =2cs cos
ie.80 = /807 +103923% ~2x80x 103923 cos y
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Squaring both sides, we get
807 = 80%+103.9232 -2 x 80 x 103.923 cos W

.. Angle

w = 49.49°

The angle made by the link BC, 8, = w— f =49.49 —30 = 19.49°

.. sin 4 sin
Sirnilarly, P

sin 4 sin 49.49

Le.

. Angle

d

80

80

A = 49.49°

The angle made by the link CD, 8, = 360 — (8 + A)

Angular velocity of link AB, @, =
Angularvelocity of link BC, o,
Angular velocity of link CD, o, =
Angular acceleration of the link BC,
I
a; = a)_; 2

360 — (30 + 49.49) = 280.50°
27 n,
60
27 x (—10)
60
b sin (8, -8,)
X @
csin (8,-8,) °
—60 sin (60-280.5)
80 sin (19.49-2805)
0.5163 rad/s
b sin (8, — 6,)
: )
dsin (8, -6,) 2
60 sin (60—-19.49)

=—1.047 rad/s

x (~1.047)

= 80 sin (19.49 —2805) * 1.047)

—(0.5164 rad/s

b o] cos (8, ~8,) +ca] cos(f; - 8,) +do?
¢ sin(8, - 46,)

Since there is no acceleration for the link AB, o, = 0

o=

= (0.8608 rad/s?

60 x (~1047)% cos(60~280.5) + 80 x 051632 c05(1949—280.5) +80x(~05164)°

80 xsin(1949-2805)
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Angular acceleration of the link CD,
o = e . bw3 cos(8, —6,) +cal +d ) cos(8;~8,)
T e, 7 dsin(8;-6,)
60 x (-—1.047)2 cos(60-19.49)+80x 05163 +80x (05 164)2 cos(19.49-280.5)
80 x 5in{19.49 - 280.5)

0.8608 rad/s?

Example 5.2
In a four bar mechanism ABCD, link AB =300 mm, BC =360 mm, CD =360 mm and the fixed
link AD =600 mm. The angle made by the link AB with fixed link AD is 60°. The link AB has an
angular velocity of 10 rad/s and angular acceleration of 30 rad/s? both clockwise. Determine the
angular velocity and angular acceleration of link BC and CD by Raven’s approach.
(VTU, Feb. 2005)

Data:

AD=g=600mm AB=25)=300mm, BC=c=360mm,CD =d=360mm,

8,=60°, »,=-10rad/s (clockwise), a,= 30 rad/s” (clockwise)
Solution: :

Draw the configuration diagram as shown in fig. 5.4. We have to determine first the angles
6, and @, made by the links 3 and 4.

Fig. 5.4

Consider the triangle ABD,

Length BD = 5= Ja® +b* —2ab cosb,

= J600? +300% -2 x 600 x 300cos 60 =519.62mm
sin # sin &,

By law of sines, b .
. sin §  sin 60
1eo 300 519.62

- Angle B = 30°
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From triangle BCD,
Length CDh =d= \/c2+sz—2cs cos
ie., 360 = /360 +519.622 ~2x 360x 519.62 cos i
Squaring both sides, we get
360% = 3607 + 519.622 - 2 x 360 x 519.62 cos W
- Angle v = 43.81°

The angle made by the link BC, &,= - 8 =43.81 -30=13.81°

. sin A sin
Similarly, P

d
. sin 4 sin 43.81
Le. 360 360

. Angle A =4381°
The angle made by the link CD, 6, = 360 - (8+ 1)
360-(30+43.81)=286.19°
—10rad/s
b sin (6, -8,)
- X @
¢ sin (6,~8,) 2
—300 sin (60-286.19)
= x (-10)
360 sin (13.81-286.19)
6.0188 rad/s
An locity of link CDD - bsin(9,265) |
gular velocity o s Oy T o 6,-9,) W,
300 sin (60-13.81)
~ T x (-10)
360 sin (13.81-286.19)

Angular velocity of linkAB,  w,

Angular velocity of link BC, @, =

1

= —6.0188 rad/s
Angular acceleration of the link BC,
@ b @3 cos (4, ~8,) +cw; cos(8y — 8,) + dw?
0.’3 = a2 - .
@, c sin(@, - 6,)

6.
fay= % (-30)

300x 10 cos(60—286.19) + 360 x 60188 cos(1381 - 286.19) + 360 x 6.0188>
B 360sin(13.81-286.19)

= 38.032 rad/s?
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Angular acceleration of the link CD,

@, ba; cos(8, — ;) +cwl +d wl cos(6;-6,)
;= — at : —
@, dsin(8;-6,)

—6.0188 30 300 107 cos(60—1381) +360x 60188” +360x 6.0188” cos(1381 -28619)
= ¥ = -+

-10 ) 360sin(1381-28619)
= 77.445 rad/s®

Example 5.3
Fig. 5.5a shows a four bar mechanism. Crank O, A rotates at 100 rpm clockwise and an angular
acceleration of 120 rad/s? clockwise at the instant when the crank makes an angle of 60° to the
horizontal. Determine the angular velocities and angular accelerations of links 3 and 4 by Raven's
method. Also find the velocities and acceleration of points C and D by assuming AC is parallel
to O, O,.
Data:
0,0,=a=250mm, O,A=b=90 mm,AB =c= 180 mm, BO,=d=120+ 60 = 180 mm,
6,=60°, 8=0, n,=-100 rpm {clockwise), &, =—120 rad/s* (clockwise)

A
2(h)

90 mm 60 mm

60°
250mm 1 (a)
0, 0,
(a)
Fig. 5.5

Solution:

We have to determine the angle made by the links 3 and 4 with the horizontal.
Consider the triangle O, A O, (Refer fig. 5.5 b)

AQ, =s= ,/az +b% —2ab cos 6,
= J250? +90% -2 x 250 x 90 cos 60 =219.32 mm

sinff  sind,
b s

By law of sines,
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. sin 3 sin60
Heo 90 21932
.. Angle B = 20.82°
From triangle ABO,,
BO, =d= \/cz +s7 ~2¢s cos W
ie., 1802 = 1802 +219.322 -2 x 180 x 219.32 cos W
.. Angle y = 5247°

Angle made by the linkAB, &, = y—- g
52.47-20.82=31.65°

I

sin A sin

Similarly, . -4

. sin A sin 52.47
o 180 180
.. Angle A = 5247

Angle made by link BO,, g, = 360—(8+ A)
= 360 —(20.82 + 52.47) = 286.71°

. . 2z n,
Angular velocity of link O, A, W, = 0

_ 2z x(-100)
= 50 =-10.47 rad/s
csin(6,-6,)

-90 sin (60—-286.71)

~ 180 sin 31.65-28671) 104D

= 3.944 rad/s
———— x p,
dsin (6, -6,)

_ _ 90sin(60-3165) (£1047)
180 sin (31.65-286.71) '

= —2.573 rad/s

Angular velocity of link AB, @, =

Angular velocity of link BO,, ®, =
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Angular acceleration of link AB,
o = @3 o bw? cos(0, —0,) + car’ cos(8, ~8,)+do}
e, ¢ sin(f, ~8,)
3944 90 x 10472 cos(60 —286.71)
= x (-120) - .
-10.47 180 % sin(31.65-286.71)
180 x 3.944% cos (31.65~286.71) + 180 x 2.573
180 x sin(31.65-286.71)
= 81.4rad/s?
Angular acceleration of link BO,
4 bwl cos(0, — 0;) +cw? +dal cos(8, - 8,)
ay, = at -
@, dsin(6;-6,)
—2573 120+ 90 1047%cos(60~31.65) +180x 3944
= b
-1047 ¢ ) 180 % sin(31.65—286.71)

180 x 2.573%cos (31.65-286.71)
180x sin (31.65—286.71)

+ = 34.767 rad/s*

Velocity and acceleration of point C :
Join O, C by straight line as shown in fig. 5.5¢. The loop-closure equation for the triangle
0,AC s
p-b+3

Fig. 5.5¢

Expressing the above equation in exponential form, we get
p =be®rge (1)
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where 6, is the angle made by the link O, A with horizontal = 60° and 6; is the angle made
by AC with horizontal = (°
(since AC s parallel to O, O,)
Differentiating the equation (1) with respect to time, we get

1

de, de,
ih —= Li2 4 2 2 ifs
ib s +ig Z ¢ e (2)
o
dr

Velocity of point C, 7,

dé,
Let _d;_ = m,, and

.. Equation (2) becomes,

V.=ibwee?+ige, e (3)
Substitute e/?=cos 6+ i sin fin equation (3), we get
V.=ibw,(cos 6, +isin 0,) +igw, (cos G +isin6y)) )
Real part of the equation (4) is

R, = -bw,sind,-qw,sin 6;

ie., R, = -90 x(-10.47) sin 60 ~ 120 x 3.944 sin 0 = 816.06
Imaginary part of the equation (4) is

I, = bw, cos 6, + gw, cos b;
ie., [, =90 x (-10.47) cos 60 + 120 x 3.944 cos 0 =2.13

Velocityof C, ¥, = \[R? + J2

= \/816.062 +213% =816.06 mm/s=0.816 m/s

Directionof V, is

- (f_] ot 2B
g =tan |, ) =t grcoe T O
The linear acceleration of point C is obtained by differentiating equation (3) with respect
to time.

[ .dw, 2 ” .dw, 2
A, = be'®” |1 ) tgen iy (5)
Let Ei& = and fj& =g
dt % dt 3
.. Equation (5) becomes.

A, = b (ia, - ) + g (i;~00)) . 6)
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Substitute e® = cos £+ isindin equation (6), we get
A, = b(cos B, +isin ) (ia,~ wf) +q(cos G; +isin ) (i s —w7) ... (7)
Real part of the equation (7) is
R, = -b (@} cos 6, + a, sin 8,) — g (@] cos 6; + a; sin 6)
ie. R, =-90(10.472cos 60— 120 sin 60) — 120 (3.944? cos 0+ 81.4 5in 0)
= 2553.52
Imaginary part of the equation (7) is
I, = b (e, cos 0,— @} sin 6,) — g (; cos ; - f sin b))
ie. I, = 90(~120 cos 60 — 10.47? sin 60) + 120 (81.4 cos 0 — 3.944% sin 0)
= ~4176.1

Accelerationof C, A, = (R?+12

= 2553522 + 417612 =4894.9 mm/s?=4.895 m/s’

Ia
Direction of 4, ¢, = tan™ (R_J

a

) (—4176.1) ; (4176.1) )
= tan™ | Saz35 ) =360—tan” | a5 ) =301.4

Velocity and acceleration of point D :

Fig.5.5d

Join O, D by straight line as shown in fig 5.5d. The loop-closure equation for the triangle
0,DO0,is
f=atg
Expressing the above equation in exponential form, we get
7 = ae'®l+ge'®
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where 6, is the angle made by the link 0,0, with horizontal = °
6, is the angle made by O, D with horizontal = 286.71°
The above equation can be written as
f =a+ge? (- 6,709 SO (1)
(Note that O, O, is a fixed link)
Differentiating the equation (1) with respect to time, we get

. . . de,
Velocity of point D, V, = ig T et (2)
Let a9, =@
dt !

vy, =igew, e 3)
Substitute e’ = cos@+ isin in equation (3), we get

Vp = igw,(cos §,+isin8) . 4)
Real part of the equation (4) is

R, = -gw,sin g,

= —60 x (-2.573) sin 286.71 = —147.86

Imaginary part of the equation (4) is

[, = gw, cos 6,
= 60 x (-2.573) cos 286.71 =—44.388

. Velocity of D, Vp = yRE+12

= 147862 + 443882 = 154.4 mm/s=0.1544 m/s

Direction of V},, ¢, = tan™ (I_v}
RV
- (-44-388) ) (44.388) ) D
=t | Ta7ge ) T 180+ tan™ | Tmee | =196.71

The lincar acceleration of point D is obtained by differentiating the equation (3) with respect
to time.

) .dw4 2 .
Ay = ge'® |1 x24T 5

dw,
Let %
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.. Equation (5) becomes,

Ay =g (ia,-0d . {6)
Substitute e = cos@+ i sinfin equation (6), we get

A, = glcos g, +isin8)(ia,~w) .. (7

Real part of the equation (7) is
R, = —g(@)cos §,+ a,sin b))
ie., R, = —60(2.573% cos 286.71 + 34.764 sin 286.71) = 1883.6
Imaginary part of the equation (7) is
' 1, = g(a,cos 0,— «sin 6))

1e., I, = 60(34.767 cos 286.71 —2.573% 5in 286.71) = 980.24

Acceleration of D, 4, = /Rf, +1‘2,
= J18836 +980242 =2123.4mm/s=2.1234 m/s?

o L I, y (980.24]
Directionof 4, g = tan” | o | Ttan” | Teeae =275

a

Example 5.4

A four bar chain has a fixed link AD = 1 m, driving crank AB = 0.3 m, follower link
CD = 0.6 m and the connecting link BC = 1.2 m. Using Raven’s approach determine the
acceleration of point P midway between B and C, when the angle BAD = 135° and the crank AB
rotates at a speed of 300 rpm clockwise with an angular acceleration of 200 rad/s? in anti-
clockwise direction.

Fig. 5.6a

Data :
a=1m, b=03m, ¢c=12m,d=0.6m, & =135 n,=— 300 rpm (clockwise),
a, =200 rad/s? (anti-clockwise)
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Solution :

First we have to determine the angles 6, and 6, made by the links 3 and 4 respectively with
the horizontal.

Consider the triangle ABD (refer fig. 5.64)

BD =s5= \/az +6% ~2abcosd,

= J1* 4032 -2x1x03 cos 135 = 1.2306 m

sinf  siné,

By law of sines, P
. sinff sinl35
1€ 03 12306
Angle § = 9.926°
From triangle BCD, CD =d= \/cz +5% —2¢s cos W
ie., 0.6 = \/12? +123067 —2 x 12 x 12306 cos y

Squaring both sides, weget  0.67 = 1.22+ 1.2306% -2 x 1.2 x 1.2306 cos i
Angle y = 28.547°
AnglemadebythelinkBC, 6, = y— = 28.547 - 9.926 = 18.621°

sin A sin

il

Also, - = g

. sin A sin 28547

e 12~ 06
Angle A = 72.893°

Angle made by the link CD, 8,=360—(8+ 1)
= 360 —(9.926 + 72.893) = 277.181°
) ) 2zn,  2xx(-300)
Angular velocity of link AB, @, = 60 60 =—-31.416 rad/s
_bsin(8,-6,)
csin (8,-6,)
0.3xsin (135-277.181)
=~ 12xsin (18621-277.181) * 31:416)

= ~4.913 rad/s

Angular velocity of link BC, W, =
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b sin (8, —0,)
dsin (6,-6,) =~ @
0.3xsin (135-18.621)
; x (-31.416)
0.6 x sin (18.621-277.181)
= —14.358 rad/s

Angular velocity of inkCD, @, =

Angular acceleration of link BC,

_ w, bw?cos(8, —8,)+c w3 cos(d;~0,)+d w5
Ay = ~—— &~

—4913 03x31416% cos(135—277.181) +12 x 49137 cos( 18621 - 277.18 1) + 0.6 x 14358
" 31416 0T 12 xsin(18621-277.181
= 129.86 rad/s?

Angular acceleration of link CD,

o, N baw? cos(8, —8;) +cas + d(uﬁ cos(f;~6,)
%" w0, % dsin (8, 6,)

~14.358 X 03x 314167 cos(135~ 18621) + 12 x4913% +06x 143587 cos(18621-277.181)
= x

-31416 (06xsin(18621-277.181)
= 124.76 rad/s?

Velocity and acceleration of point P: (Refer fig. 5.6b)
BC 12
Length BP=f="2—‘=7=0.6m

Join AP by straight line as shown in fig. 5.6b

Fig. 5.6b

The loop-closure equation for the triangle ABP is

g =bxf
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Expressing the above equation in complex form,
g =be®+fe» (2)
Differentiating the equation (2) with respect to time, we get

do, do,
: = g =ip —2 iy 29 i
Velocityof P, V= g =ib 7 ¢ +if z ¢ e 3)
A _ de
=ibw, e +ifw, e® ’-'E;”:a) ..... 4)
Substitute e’ = (cos 6+ isin 6) in equation (4), we get
V, = ibe,(cos 6, +isin 6) +i fw, (cos 6, + i sin g .. (5)

Real part of the velocity equation (5) is
R, = ~bw,sin 6,-fw;sin G,
= —~0.3 x(-31.416) sin 135 - 0.6 x (—4.913) sin 18.621 = 7.606
Imaginary part of the velocity equation (5) is
I, = ba, cos 6, + f o, cos 6,
= 0.3 x(—31.416) cos 135 + 0.6 x (~4.913) cos 18.621 = 3.8708

Velocity of P, Vp = 1/R3 +]v2 = J7 6062 + 387082 =8.534m/s

I 38708
Directionof V,, §,=tan™ | = { =tan!

R 2506 J =26.97°

Differentiate the equation (3) with respect to time,
lid*0, (de,Y ~tid%0, (de,
Acceleration of P, A,=g=be® it \ar + fe'3 1‘2 - 7
d*o

de
= be'?(igy— a0 +fe® (i - 0f) ( o - ad =5 “J
Substitute e’® = (cos 8+ isin &) in the above equation, we get
4, = b(cos &) +isin ) (icy— @) + f(cos G +isin ) (iey— 02) ... (6)
Real part of the acceleration equation (6) is
R, = -b (@, cos 6, + a; sin &) — f(w? cos G, + 6, sin 6,)
= —0.3 (31.416 cos 135 + 20 sin 135) - 0.6 (4.9132 cos 18.621
+101.71 sin 18.621) =171.914
Imaginary part of the acceleration equation (6) is
I, = b (&, cos 6,— w? sin B)) + f (e, cos 6, — @2 sin 6)
= 0.3 (20 cos 135 —31.4162 sin 135) + 0.6 (101.71 cos 18.621
~4.913%5in 18.621) = —160.4
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Acceleration of point P, 4,= JRZ + 17 = /1719147 +1604% =235.12m/s

4] a
I, -160.4
Directionof 4,,, €, =tan™ (R_a) =tan™! (171.914)
1604
= 360 — tan™ (171914J =316.98°

Single slider-crank mechanism

In the slider-crank mechanism shown in fig. 5.7a, the crank 2 rotates at constant angular
velocity @, in the anti-clockwise direction. The velocity ¥, and the acceleration 4 p' of the slider
are to be determined. Let b and ¢ are the fixed lengths of links 2 and 3, and @ is a variable length
giving the position of the slider P. The angle £, is the angular position of the crank. The position
of P relative to fixed point O is given by the vector a (refer fig. 5.7b).

Imaginary 0,
b ¢
&, w Redl
a
(b)
Fig. 5.7
The loop-closure or vector equation is
a==5s+c . (1)
Expressing the vector in complex form, we get
ae'd! = pe'4ege® )
Since the angle 8, = 0°, so that e*®' =1
a=betPree® L (3)
Substitute e = cos 8+ i sin #in equation (3), we get
a =b(cosb,+isin@)+c(cosf+isind) ... (4)
Separating the real and imaginary parts of the equation (4),
Real part Ry=a=bcos@y+ccosy .. (5)
Imaginary part I, =bsing+csing, .. (6)

Since the position vector a lies on the real (horizontal) axis, the imaginary part is equal
to zero.
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I; = bsing, +csin8,=0

-b
ie, sinf, = - sin 6,
b .
or 6, = 360 —sin! (;smf?z) ..... (7

Equation (7) can be used to determine the angle &, made by the link 3 with the horizontal.
Knowing the value of 4, equation (5) can be used to determine a, the position of the slider from
the crank shaft center.

Differentiate the equation (3) with respect to time, we get

de, de;
Velocity V,=a=ib —dtz ¢ + jo —d; L e (8)
_ A do dg
=ibw e+ i | L=g, and —2 =@ ) ..... 9
iba,e icawye ( = 2 o 3 (9)

Substitute e =cos 0+ i sin §in equation (9), we get
V, = a =ib w,(cos 6, +isin &) + ic , (cos 6, +isin &) ..... (10)

Separating the real and imaginary parts of the equation (10), we get

Real part R, =-boysin,~cwysingy, (11)

Imaginary part I, =bwcosb,+cwycosd, L. (12)

Since the velocity vector of the slider lies on the real (horizontal) axis, the imaginary
part is zero.

Le., I, =bacosb,+caycos =0 . (13)
bcosb,

. Angular velocity of link 3, @, =— x@y (14)

ccoséy
Velocity of the slider ¥, = (R +I? =R,=~b o, sin 6, - ce, sin 6, (. 1,=0)
Differentiating the equation (8) with respect to time, we get

Acceleration
A, =
2 2
_ d gz L PR L e d ‘2’3 0 305 o, A6y
dt dt dt dr dt dt

62 i—-»—udzgz _(%)2 o3 i—d293_(f{9_1)2
b | Tt ar ) | Tee” ad

; . : ; ..dzg_ d dg__
= be'® (i, — wf ) + ce'® (io,— ) T ® and = .. (16)
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Substitute e’ = cos 8+ i sin &in equation (16),

A, = d =b(cos 6+isin 0) (iey— wf) + ¢ (cos & +isin &) (iaz - o) ... (17)
Real part of the equation (17) is

R, = -b(wfcos b, + a,sin ) ~c{wfcos G+ aysinfy) ... (18)
Imaginary part of the equation (17) 1s

I, = b(a,cos &,—@?sinG)+c(azcos G —a’sin6) ... (19)

Since the acceleration vector of the slider lies on the real (horizontal) axis, the imaginary part
isequal to zero.

le., L =b(a,cos 6,—a,?sin ) +c(a,cos 6;,— 6sin 6,) =0

b w3sing, +coisingd;  ba,cosh,

.. Angular acceleration & = ccoso, ccosd, (20)
. bcosd 10
From equation (14), -3
ccosd, @,
.. Equation (20) becomes,
bolsing, +colsing, o,
= +—a 21

% ccosé, @, % @h)

For constant angular velocity of the crank @, the angular acceleration a, is zero.
- An leration of link 3. @ = bw?sing, +cw?siné;

. Angular acceleration of link 3, a; = ccost,
Acceleration of the slider 4,= \/R? + 12 =R, (. L=00 .. (22)

A, = —b (o cos O+ oy sin ) —c (@ cos &+ asin6)) ... (23)

Having found the angular acceleration of link 3 (connecting rod), we can compute the linear
velocity and acceleration at any point on the link as follows. Let Q be a point on the connecting
rod which lies at a distance o from the crank pin (refer fig. 5.7¢). Join OQ.

Imaginary axis

Real axis

[
TR

Fig. 5.7¢
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The loop-closure equationis, 7§ =b +d =pe®2+de'®> )
Differentiating the equation (1) with respect to time,
: o 46y A0y i
Velocity Ve =ib—~ e”z+zd7 eB=ibwe?+idw e .. (2)
= ibw, (cos B, +isin &) +idw,(cos 6, +ising) .. (3)
The real and imaginary components are;
R, =-beaysinb-daoysng, L 4)
L =bwcos+dwycosgy . (%)
Magnitude of velocity ¥, = JR2+12 L. (6)
I
Angle made by the velocity vector with real axis 6,= tan™! (E") ..... (7)

The linear acceleration of Q is obtained by differentiating the equation (2) with respect
to time.

.. Acceleration 4, =be'® (i, — 0} ) + de'® (iy-0}) .. (8)
= b (cos 8, +isin 6,) (i o, — w,%) +d (cos &, +isin &) (i &;— &%)
The real and the imaginary components are;

R, =-b(w’cos O+ asin &) —d(w?cos 6+ asinf) ... 9

I, = b{a,cos 6,— @, sin B) +d (e cos 6, - ay?sin 8) ... (10)

Magnitude of acceleration 4, = JRZ+72 .. (11)
I

Angle made by the acceleration vector with real axis 6,= tan™! (R_a} ..... (12)

Example 5.5
The slider crank of an internal combustion engine has a crank of 150 mm length and a connecting
rod of 600 mm length. The crank rotates at a constant speed of 300 rpm counterclockwise.
Determine the position, velocity and acceleration of the slider when the crank angle is 45° from
the inner dead center position by complex algebra.
Data:

b=150mm, ¢=600mm, n,= 300 rpm (counter clockwise), 8, =45 a, =0 (constant
crank speed)
Solution: (refer fig. 5.8}

b .
Angle made by the connecting rod &, =360—sin™! (; sind, J

= 360 - sin"! @xsin% =349.82¢
600
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2rny,  2ax300

Angular velocity of the crank @, = 0 - 60 =31.416rad/s.

bcosd,

X

Angular velocity of connecting rod @, =— P
ccostly

—150x cosd5 4406 =-5.642 rad/s

~ 600 cos 349.82

Fig. 5.8

ba? sin 0, +cw? sin 0 W,
2 2 3 3,23

Angular acceleration of connecting rod a;, =
&t g10¢ % ¢ cos &, @

150 x 31.416% sin 45+ 600 x (~5.642) sin 349.82 .
600 cos 349.82

0

171.55 rad/s?
From equation (5),
Positionoftheslider a = bcos &, + ¢ cos 6,
= 150 cos 45 + 600 cos 349.82 = 696.62 mm
i.e., The slider is at a distance of 696.62 mm from the crank shaft center

Velocity of the slider:

From equation (10),

Real part R, = —bw,sin 6,—ca,sin 6,

— 150 x 31.416 sin 45 — 600 x (- 5.642) sin 349.82 =—3930.5
Imaginarypart I, = bw, cos 6, + cw; cos =0

Velocity of slider ¥V, = \/R? + I2 = \/39305% + 0 =3930.5 mm/s =3.93 m/s

¥

Direction 6, = tan (RJ = tan™ (

|

0
_39305J (- 8, lies in the second quadrant)

0
= tan-l | ————— 1 = o
180 --tan (3930.5) 180
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i.e,, the direction of the velocity which lies on the line of stroke is towards the crank end.
Acceleration of the slider:

From equation (18),
Realpart R, = —b (,” cos 6, + ¢, sin 6,) - ¢ (@, cos 6, + a, sin 6,)

= — 150 (31.416% cos 45 + 0)

— 600 [(-5.642)*cos 349.82 + 171.55 sin 349.82]

= —105290.1 mm/s?

Imaginary part I, = b (e, cos 6, - @) sin 6,) + ¢ (@ cos 6, — w,2 sin 6,) =0

Acceleration of slider 4, = J R+
= J105290.12 + 0 =105290.1 mm/s2=105.29 m/s?

10 0 . .
Direction 8, = tan™! [“_Ra) =tan™! ("“——_1 05290_1) (6, liesin 2nd quadrant)
1 [ 0 J o
= 180 -tan 1052901 ) = 180

i.e., the direction of acceleration which lies on the line of stroke is towards the crank end.

Example 5.6

Using complex algebra derive expression for velocity and acceleration of the piston and angular
acceleration of connecting rod of a reciprocating engine mechanism. With these expression,
determine the above quantities, if the crank length is 50 mm, connecting rod of 200 mm, constant
crank speed of 3000 rpm and the crank angle of 30°. (VTU, Feb. 2006)
Data:

b =350 mm, c=200mm, n,=-3000 rpm (assuming clockwise), &, =30° a,=0
(constant crank speed)

Fig. 5.9
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Solution:
Draw the configuration diagram as shown in fig. 5.9. We have to determine first the angle
made by the connecting rod &,.

b .
Angle made by the connecting rod CP, @, =360 - sin™! (; sin 92)

= 360 —sin™! (ﬂ X sin30J =352.82°
200

. 2xn, 27 x(=3000)
Angular velocity of the crank @, = . - e =—~314.16rad/s

bcosf,
x@
ccosty

Angular velocity of the connecting rod @, =—

-50x cos 30
= 200 cos 352.82

x (—314.16) = 68.56 rad/s

b sin 8, +cw? sin 6 (O}
2 2 3 1,283

Angular acceleration of the connectingrod a; = a,

c cos &, @
_ 50x314.16 sin 30+200 x 68.56” sin 352.82
- 200 cos 352.82
Position ofthe piston  a = b cos &, + ¢ cos &
= 50 cos 30 + 200 cos 352.82 =241.733 mm
The piston is at a distance of 241.733 mm from the crank shaft center.

+0=11842.43 rad/s?

Velocity of the piston:
From equation (10),
Real part of R, = -bw,sin 8,—cawysin G,
= —50 x (-~ 314.16) sin 30 - 200 % 68.56 sin 352.82 = 9567.82
Imaginarypart I = b, cos 6, + ca, cos ,=0 (- the piston moves on real axis)

Velocity of piston ¥, = \/R? + I? = /9567822 4+ 0 = 9567.82 mm/s

IV
Direction 6 = tan™! ["‘) =tan! (

R, 9567.82] =0
The direction of the velocity which lies on the line of stroke is away from the crank end.
Acceleration of the slider:
From equation (18),
Realpart R, = -b (@,% cos &, + a, sin ) - ¢ (@ cos G, + o sin 6)
= —50(314.16% cos 30 + 0) — 200 (68.56%cos 352.82 + 11842.43 sin 352.82)
= —~4910377.17 mm/s?
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Imaginary part I, = b (@, cos 6,— ,? sin 6,) + ¢ (a5 cos G, — @,? sin 6,)=0
Acceleration of piston 4, = ﬁg—;f_ﬁ

= /4910377.172 + 07 =4910377.17 mm/s2

1, 0
ot = tan~t | = | = tap-! | ————ouo
Direction 6, = tan (Ra) tan (_4910377'17]
= 180 — tan' ("*——O ) =180°
491037717

1.e., the acceleration vector is towards the crank end.

Example 5.7
The crank of an engine is 200 mm. long and the ratio of connecting rod length to crank radius is
4. Determine the acceleration of the piston when the crank has turned through 45° from the inner

dead center position and moving towards center at 240 rpm by complex algebra analysis.
(VTU, Aug. 2000)

Fig. 5.10

b =200 mm, ¢ =4 x 200 = 800 mm, 6, =45°, n,=— 150 rpm (clockwise)
@, =0 (constant speed). Refer fig. 5.10

From triangle ABC
sing  sin g,
b ¢
. sing  sin 45
He- 200 800
. Angle ¢ = 10.182°

. Angle made by the link BC with horizontal ,=360-10.182=349.818

2an, 27 x(-150)

Angular velocity of the crank ), = 60 50 =_25.133 rad/s
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b cos 6,

X

Angular velocity of connecting rod @, =— c cos @ 2

—200 % cos45
= 800xcos349818 X 25-133)
= 4.514 rad/s?
Angular acceleration of the connecting rod.
a = @y o+ b o3 sind, +c o] sind,
5 ccosd,
0 200 x (—25.133)* sin45+800x 4.514” 5in349.818
800 x c0s349.818
= 109.79 rad/s?
Real part of the slider acceleration equation is
R =-b(w’cos 6,+a,sinb)—c (»,* cos &, + a, sin )

= —200 [(-25.133)? x cos 45 + 0] — 800 (4.5142
x cos 349.818 + 109.79 x sin 349.818)
= — 89848.99
Imaginary part of the slider acceleration equation is,
1 = b (a,cos 6,— o) sin 8)) + c (&, cos 6, - @, sin 6))
= 200 {0 — (-25.133)? x sin 45) + 800 (109.79 cos 349.818
—4.514% x 5in 349.818) =0

Acceleration of piston 4, = R+ 17

= J(~89848.99)% + 07 =89848.99 mm/s?
= 89.85 m/s?

Example 5.8

The crank radius of a reciprocating engine is 90 mm, the connecting rod is 360 mm long and the
crank rotates at 150 rpm clockwise. By Raven's approach, determine the velocity and acceleration
of the piston, and the angular velocity and angular acceleration of the connecting rod when the
angle made by the crank with the inner dead center is 30°. Verify your answer by Klein's construction
and hence find the percentage error in the graphical method.

Data :
b=90mm, ¢=360mm, n,=— 150 rpm (clockwise), o, =0 (constant speed), &,=30°
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Fig. 5.11

Solution: (refer fig. 5.11)

b .
Angle made by the connecting rod CP &, =360 —sin™! (: sin 8, )

= s -1 (ﬂxsin 30] )
= 360 —sin 360 =352.82

. 2zxn, 2z x(-150)
Angular velocity of the crank OC, @, = 0 60 =—15.7 rad/s

bcosd,

Angular velocity of connecting rod CP, @, =-— X @y

ccosd,

90 x cos 30

- -157) =
360 cos 35280 < 137) =3.426 rad/s

. : bw} sin 0, +col sinf, o
Angular acceleration of the connecting rod CP, @, = —2 2 : s
¢ cos &, @y

90 x 15.7% sin 30+ 360 x 3426 sin 352.82

= _ 3
360 cos 352.82 29.576 rad/s

Velocity of the piston:
Real part of velocity equation R, =—bw, sin 8,—cw, sin 6,
= —90 x (=15.7) sin 30 - 360 x 3.426 sin 352.82 = 860.6
Imaginary partf, = bw, cos &, + cw; cos 6,
= 0(.. velocity vector is on the real axis)

~ Velocity of piston ¥, = JR2 + I? = 860,62 +0 =860.6 mm/s =0.8606 m/s

I 0
s = A =X mfqn-l | —— | =
Direction 6, = tan [&] tan (860.6] 0

The velocity vector is away from the crank end.
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Acceleration of the piston:
Real part of acceleration equation R, =— b(w? cos &, + &, sin 8,) —c(wf cos 8, + o sin 6))
= —90(15.7% cos30 + 0)~ 360 (3.426 cos 352.82 +29.576 sin 352.82)
= —22073.6 mm/s?
Imaginary part I, = b(a, cos 8, — @y* sin 6,) + ¢ (a; cos 6, — @} sin ;)
= 0 (- Acceleration vector is on the real axis)

. Acceleration of piston 4, = VR + 12 = 220736 +0* =22073.6 mm/s’

0 0
= -1 - — —_ -1 T =
¢, = tan ( —22073.6) 180 —tan [-—22073.6] 180°
(- 6, liesin 2nd quadrant)
. The acceleration vector is towards the crank end.
Klein’s construction (refer fig. 5.12)

1. Draw the slider crank mechanism QCP for the given position of the crank with some suitable
scale.

2. Produce the connecting rod PC to meet the vertical at O in M.
3. With PC as diameter draw a circle.

4. With C as center and radius equal to CM draw another circle to cut the previous circle at R
and S.

Fig. 5.12
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5. Join SR cutting PCin T and OP in N.
On measurement, the length OM = 54.87 mm, ON = 89.7 mm, CM = 78.66 mm and
TN=43.2 mm.
Velocity of the piston Vo = @ OM =15.7 x 54.87 = 861.459 mm/s
Acceleration of the piston 4,, = @} x ON=15.72 x 89.7 =22110.15 mm/s?
Angular velocity of the connecting rod
78.66

15.7 3.43 rad/
= bre == » — =
D1 T @ po TN T3gy T4 radls

Angular acceleration of the connecting rod

N 43.2
a, = o *pc = 15.7% x 360 =29.58 rad/s?

V,=Va 860.6-861.459
X =
860.6

% error in velocity of piston = x 100=-10.0998 %

P

) . . 1
% error in acceleration of piston = ——— x 100

AP
_ 20m6-2211015
N 220736 R
o ; : . s Bl T
o error in angular velocity of connecting rod = - x 100
3
_ 3426-343 x 100=-0.117 %
3426 R
0 . . . _ G —ay
%o error in angular acceleration of connecting rod = - x 100
3
29576-2958 100 0.0135 %
= X = -
29576 ' °

Example 5.9

In an internal combustion engine mechanism, the crank radius is 100 mm and the length of the
connecting rod is 450 mm. The crank is rotating at 10 rad/s in anti-clockwise direction. Determine
the magnitude and direction of (i) Velocity of the piston and (ii) the angular velocity of the
connecting rod when the crank is at 45° form the inner dead centre by complex algebra method.
Verify the same by Klein's construction. (VTU, Aug. 2001)
Data:

b =100 mm, ¢ =450 mm, w,=10rad/s (CCW), &, =45°
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Fig. 5.13

Solution: (refer fig. 5.13)
Angle made by the connecting rod

b .
6, = 360 —tan™ [; sin 92)

100
= 360 —sin"! (;‘-5—0- sin 45) =350.96°

—b cos 0,

Angular velocity of connecting rod @; = oos 0
3

X @y

B ~100 cos 45
"~ 450 cos 35096

Angular acceleration of the connecting rod

%x 10 =-1.591 rad/s

@5 b 2 sin 6, +c¢ w3 sin 6,
a; = — ot
@, ¢ cos 8,

1591 100 x 107 sin 45+450 x (—~1591)" sin 350.96

—_— X

10 450 cos 35096

15.508 rad/s?
Real part of the velocity equation R, =-b @, sin 6,—c @, sin 6,

= —~100 x 10 sin 45 —450 x (- 1.591) 5sin 350.96 = - 819.6
Imaginary part of the velocity equation I,=b @, cos 6, + ¢ @, cos &,

= (- velocity vector is on the real axis)

. Velocity of piston ¥,= \JR? + 17 = \[g19.6> +0 =819.6 mm/s
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Klein's construction: (refer fig. 5.14)

1.

Draw the slider crank mechanism OCP for the given position of the crank with suitable
scale.

2. Produce the connecting rod PC to meet the vertical at O in M.

With PC as diameter draw a circle

Fig. 5.14

With C as center and radius equal to CM draw another circle to cut the previous circle at
R and S.

Join SR cutting PC at T and OP at N.

On measurement, we get

OM=82mm and CM =70 mm

Velocity of piston V, = @, x OM = 10 x 82 = 820 mm/s
CM
PC

Angular velocity of the connectingrod @, = @, x

10 70 1.56 rad/
== X —_— =
450 ~ 0TS

Example 5.10

In aslider crank mechanism the direction of velocity and acceleration are shown in fig. 5.15. The
crank radius is 0.1 m and the length of the connecting rod is .45 m. The crank makes an angle
of'45° from the inner dead center and it rotates at constant speed. By complex algebra method,
determine the angular velocity of the crank, angular velocity of the connecting rod, angular
acceleration of the connecting rod and the acceleration of the slider if the velocity of the slider is
0.8196 m/s.
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Data:
b=0.1m, c=045m, & =45° ¢,=0(constant crank speed),
V,=-0.8196 m/s (direction of ¥, is towards the crank end)

Fig. 5.15

Solution:
Angle made by the connecting rod with the horizontal (real) axis

b .
8, = 360 —sin™! [; smé’z]

01 .
= 360 —sin™! (@ X sin 45) =350.96°
Real part of the velocity equation R,=—b &, sin &, —c @;sin 6, =V, (- 1,=0)
ie., —0.1 w,sin45-0.45 @, sin 350.96 =-0.8196

or —0.07071 @, + 0.070706 », = -0.819% .. (D
Imaginary part of velocity equation /,= b @,cos £+ ¢ @, cos 8,=0

ie, 0.1 @, cos45+0.45 w,;c0s350.96=0

or @, = - 6.2849 w, " (2)
Substitute the value of @, in terms of @; in equation (1), we get

—0.07071 x (- 6.2849 w,) + 0.070706 w, =—0.8196

. Angular velocity of connectingrod @, =—1.591 rad/s

Angular velocity of the crank @,=-6.2849 x (- 1.591)=10rad/s

. ) bw?sing, +co)singd; @,
Angular acceleration of connecting rod ;= +
ccost,

0.1 x 10? sin45+ 045 x (-1.591)* sin 350.96 N
0.45 x cos 350.96
= 15.508 rad/s?

0 (. a,=0)

R
|
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Real part of acceleration of slider is
R, = —b(w}cos 6,+ a, sin 6,) — ¢ (@} cos 6, + a, sin G)
—0.1 (10° cos 45 + 0)—0.45 (1.5912 cos 350.96 + 15.508 sin 350.96)
—7.0995 m/s?

~. Acceleration of slider 4, = \/R? + I> = \[70995% +¢ =7.0995 m/s?

Example 5.11

I

The crank of an internal combustion engine is 50 mm long and the length of the connecting rod is
four times the length of the crank. The mass center of the connecting rod is 80 mm from the crank
pin. The crank rotates at a constant speed of 1000 rpm clockwise. By complex algebra, determine,

{1) Angular velocity and angular acceleration of the connecting rod, (ii) Velocity and acceleration
of the piston, (iii) Position of the piston, (iv) Velocity and acceleration of the mass center of the
connecting rod, when the crank makes an angle of 30° with the inner dead center.

Solution:

)
Y
C

Fig. 5.16a
Data:
b=50mm, ¢ =4 x50=200 mm, d= 80 mm, n,=— 1000 rpm (clockwise), 8, =30°

Solution:

b .
Angle made by the connecting rod &, =360 —sin™! (; sin &, )

= —sin™! ﬂ><sin30 =352.82°
360 —sin 200 5

2rn, 2xx(-1000)

Angular velocity of the crank @, = 60 60 =-104.72 rad/s
bcos@

Angular velocity of the connecting rod a; =— C8% @,
ccosd,

_ —50xcos 30
200 cos 352.82

x (~104.72) =22.852 rad/s
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Angular acceleration of the connecting rod

bw?sin 8, +cw? sin 6 @
2 2 3 3 3
¢ cos 8, @,

50 x (~104.72)% sin 30+200 x 22.852% sin 352.82 .
200 cos 352.82

0

1315.833 rad/s?
Velocity of piston V, = —bw, sin &, — cay sin & (- 1,=0)
= — 50 x (-104.72) sin 30 — 200 x 22.852 sin 352.82
= 3189.24 mny/s=3.18924 /s
Acceleration of piston:
Real component of acceleration R, =—b (@, cos 6, + &, sin 6,) - ¢ {(@,? cos 6 + a; sin 6;)
= — 50 (- 104.722 cos 30 + 0) - 200 (22.852% cos 352.82 + 1315.833 sin 352.82)
=—545585.1844 mm/s

Imaginary component [, = 0 (.. Theacceleration vector is on the real axis)

Magnitude of acceleration 4,= \{R2 + I? = /54558518442 +0

= 545585.1844 mm/s*= 545.585 m/s?
Positionoftheslider a = bcos 6, +ccos &,

= 50 cos 30 + 200 cos 352.82 =241.733 mm
from the crank shaft center

Velocity and acceleration of mass center of the connecting rod Q:

Imaginary axis

Fig. 5.16b

Mark the point Q on the connecting rod which lies at a distance of 80 mm from the crank
pin. Join OQ. The loop - closure equation for the triangle OAQ is (refer fig. 5.165)

g=8+a . (M
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Expressing the above equation in complex form,

g =be2+de® . (2)
Differentiating the equation (2) with respect to time, we get
Velocity of O, Vo = ib % e+ id d£3 s (3)
, ‘ de
= ib w, ¢'® + id w;e'? ( a = co) ..... 4)
Substitute €'? = (cos 8+ isin @) in the above equation, we get
Vo = ibw,(cos 6, tisin &) +ide, (cos G +isin ) ... (%)

Real part of the equation (5) is
R, = ~bw, sin 6,~dw; sin 6,
= —50 % (—104.72) sin 30— 80 x 22.852 sin 352.82 = 2846.5
Imaginary part of the equation (5) is
I, = ba, cos &, + dw, cos &,
= 50 % (—104.72) cos 30 + 80 x 22 852 cos 352.82
= —2720.68

Velocity of Q, ¥, = JRZ+1}

= 28465 + 272068 =3937.6 mm/s =3.9376 m/s

o L 1, o [—2720.68} lies in the 4th auads
Directionof ¥, §, = tan R =tan™ | a5 (- 8, liesin the 4th quadrant)

272068
2846.5
The acceleration of Q is obtained by differentiating equation (3) with respect to time.

= ol idzgz —(%)2 i id293 —(—d93 )2
dyp=be dr? dr ) | Tde dr? dt

d’o
=ber’92(fa2—w§)+def€3(ia3—m§) [ ?w} ..... (6)

= 360 — tan™! ( ] =316.3°

Substitute e = (cos £+ i sin &) in equation (6), we get
Ap = b(cos 6,+isin 6) (i &~ @) +d(cos 6, +isin 6)) (i oy~ @y)..... (7)
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Real part of the equation (7) is
R, =~b (@3 cos 6, + a, sin 6)) —d (w} cos O, + a; sin &)
= — 50 (104.722 cos 30 + 0) - 80 (22.852? cos 352.82 + 1315.833 sin 352.82)
= —503146.34 mm/s?
Imaginary part of the equation (7) is
I = b (e, cos &, — wfsin 6)—d (& cos 6, — w} sin 6))
= 50(0—104.722 5in 30)- 80 (1315.833 cos 352.82 —22.852% sin 352.82)
= —383819.73 mm/s?

Accelerationof 0, A5 = R? + I = /50314634 +383819.73*
= 632830.02 mm/s? = 632.83 m/s?

. __lla___l[:w] o
Directionof 4,,, &, =tan R | ~tan 50314634 (-- 6 liesin the 3rd quadrant)

a

383819.73

503146.34) =217.34°

= 180+ tan™ {

EXERCISE -5

1. Fig. 5.17 shows a four bar mechanism. The crank O,B rotates at 10 rad/s anti-clockwise.
By Raven'’s method, determine;
(i) Angular velocity of the link BC and O,C
(ii) Angular acceleration of the link BC and O,C
(iii) Velocity and acceleration of the point C.

3 4
B

100 mnr C -

Fig. 5.17
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2. Thedimensions and data for a four bar mechanism shown in fig. 5.18 are given in the table.
For each problem, determine &,, 8,, w;, @,, a;, and @, by using complex algebra. The
angular velocity @, is constant for each problem, and a negative sign is used to indicate the

clockwise direction.
a b c d & @, (rad/s)
250 100 500 400 70 —6
100 150 250 250 45 56

Fig. 5.18
[Ans. 28.3°,235.9°, — 0.633 rad/s, — 2.16 rad/s, 7.82 rad/s?, 6.7 rad/s?]
[15.5°,171°,47.6 rad/s, 70.5 rad/s, 3330 rad/s?, 3200 rad/s?]

3. The crank of a reciprocating steam engine is 250 mm long and the length of the connecting
rod is four times the length of the crank. The crank rotates at 180 rpm. The center of gravity
of the connecting rod is 450 mm away from crank end. By complex algebra, determine;

1. Velocity and acceleration of the piston.

2. Angular velocity and angular acceleration of the connecting rod.

3. Velocity and acceleration at the center of gravity of the connecting rod, for the crank

position of (a) 30° and (b) 120° from the inner dead center position.

[Ans. 2.995 m/s, 89 m/s?, 4.152 rad/s, 42.6 rad/s?, 3.11 m/s, 85.4 m/s?, and 3.54 m/s, 58.7
m/s?, 2.6 rad/s, 80 rad/s?, 4.05 m/s, 67.6 m/s?]

4. Obtain loop closure equation for a four bar mechanism. Develop an equation for the
relationship between the angular velocities of the input crank and the output crank of the
four bar mechanism.

(VTU, July 2006)

5. Forthe straight -line mechanism shown in fig. 5.19, @, =20 rad/s clockwise and a, =140
rad/s? clockwise. By Raven’s method determine the velocity and acceleration of point B

and the angular acceleration of link 3. Take O,A=AB =AC =100 mm.
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Fig. 5.19

6. The crank of an engine is 200 mm long and the ratio of connecting rod length to crank radius
is 4. Determine the acceleration of the piston when the crank has turned through 45° from
the inner dead center position and moving towards outer dead center at 240 rpm by complex
algebra. [Ans. 89.85 m/s?]

@ @ Qutput link

lnplalt link

Fig. 5.20

7. Afourbar mechanism is shown in fig. 5.20. Write the loop closure equation and determine
the expression for (i) The output angle ¢, (ii) The angular velocity of the output link.

(VTU, July 2005)



